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S I We define minimal fusion systems in a way that every non-solvable fusion system has a section 

'""'■ which is minimal. Minimal fusion systems can also be seen as analogs of Thompson's N-groups. 

Cf) • In this paper, we consider a minimal fusion system J^ on a finite p-group S that has a unique 

^ ! maximal p-local subsystem containing Njr{S). For an arbitrary prime p, we determine the struc- 

ly^ I ture of a certain (explicitly described) j9-local subsystem of J^. If p = 2, this leads to a complete 

^ I classification of the fusion system T. 

o : 1 Introduction 

> . A pattern for the classification of finite simple groups was set by Thompson in HThL where he 

K^ ! gave a classification of all finite simple N-groups. These are non-abelian finite simple groups 

;h I with the property that every p-local subgroup is solvable, for every prime p. Recall that a p-local 

■ - - • subgroup of a finite group G is the normalizer of a non-trivial p-subgroup of G. Thompson's work 

was generalized by Gorenstein and Lyons, Janko and Smith to (N2)-groups, that is to non-abelian 

finite simple groups all of whose 2-local subgroups are solvable. Recall here that, by the Theorem 

of Feit-Thompson, every non-solvable group has even order. 

N-groups play an important role, as every minimal non-solvable finite group is an N-group. Fur- 
thermore, every non- solvable group has a section which is an N-group. The respective properties 
hold also for (N2)-groups. 

A new proof for the classification of (N2)-groups was given by Stellmacher in [|St2ll . It uses the 
amalgam method, which is a completely local method. Currently, Aschbacher is working on an- 
other new proof for the classification of (N2)-groups. His approach uses saturated fusion systems 
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that were first introduced by Puig under the name of full Frobenius categories. Aschbacher's plan 
is to classify dX\N-sy stems, i.e. all saturated fusion systems J-" of characteristic 2-type such that the 
group Morjr(P, P) is solvable, for every subgroup P of J^. Here the use of the group theoretical 
concept of solvability fits with the definition of solvable fusion systems as introduced by Puig. 
However, this concept seems not general enough to ensure that N-systems play the same role in 
saturated fusion systems as N-groups in groups. Therefore, in our notion of minimal fusion sys- 
tems introduced below, we find it necessary to use a concept of solvable fusion systems as defined 
by Aschbacher BAB 15.1]. 

For the remainder of the introduction let p be a prime and T be a saturated fusion system 
on a finite p-group S. We adapt the standard terminology regarding fusion systems as introduced 
by Broto, Levi and Oliver [BLO]. For further basic definitions and notation we refer the reader 
to Section [2l Generic examples of saturated fusion systems are the fusion systems J-'s{G), where 
G is a finite group containing S* as a Sylow p-subgroup, the objects of J^s(G') are all subgroups 
of S, and the morphisms in J-'s{G) between two objects are the injective group homomorphisms 
obtained by conjugation with elements of G. 

Definition 1.1. The fusion system T is called minimal ifOp{F) = 1 and Njr{U) is solvable for 
every fully normalized subgroup Uj^lofJ^. 

Here the fusion system J' is solvable, if and only if Op{F / R) ^ 1, for every strongly closed 
subgroup R ^ S of J-'. This implies that indeed every minimal non-solvable fusion system 
is minimal in the sense defined above. Furthermore, every non-solvable fusion system has a 
section which is minimal. Therefore, minimal fusion systems play a similar role in saturated 
fusion systems as N-groups in groups. However, a classification of minimal fusion systems seems 
a difficult generalization of the original N-group problem. One reason is that in fusion systems 
the prime 2 does not play such a distinguished role as in groups. Therefore, we would like to treat 
minimal fusion systems also for odd primes as far as possible. Secondly, the notion of solvability 
in fusion systems is more general than the group theoretical notion. More precisely, although it 
turns out that every solvable fusion system is constrained and therefore the fusion system of a 
finite group, such a group can have certain composition factors that are non-abelian finite simple 
groups. Aschbacher showed in HAlll that these are all finite simple groups in which fusion is 
controlled in the normalizer of a Sylow p-subgroup. Furthermore, Aschbacher gives a list of these 
groups. Generic examples are the finite simple groups of Lie type in characteristic p of Lie rank 
1. For odd primes, Aschbacher's proof of these facts requires the complete classification of finite 
simple groups. For p = 2 they follow already from Goldschmidt's Theorem on groups with a 
strongly closed abelian subgroup (see HGoldll ). 

In this paper, we use a concept which is an analog to the (abstract) concept of parabolics in 
finite group theory, where a parabolic subgroup is defined to be a p-local subgroup containing 
a Sylow p-subgroup. This generalizes the definition of parabolics in finite groups of Lie type in 
characteristic p. Suppose S* is a Sylow p-subgroup of a finite group G. It is a common strategy 
in the classification of finite simple groups and related problems to treat separately the case of a 
unique maximal (with respect to inclusion) parabolic containing S. In this case, one classifies as 
a first step a p- local subgroup of G which has the pushing up property as defined in Section [6l In 
the remaining case, two distinct maximal parabolics containing S form an amalgam of two groups 
that do not have a common normal p-subgroup. This usually allows an elegant treatment using 
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the coset graph, and leads in the generic cases to a group of Lie type and Lie rank at least 2. The 
main result of this paper handles the fusion system configuration which loosely corresponds to 
the pushing up case in the N-group investigation. We next introduce the concept of a parabolic in 
fusion systems. 

Definition 1.2. • A subsystem ofj^ of the form Njr[R)for some non-trivial normal subgroup 
RofS is called a parabolic subsystem ofj^, or in short, a parabolic. 

• A full parabolic is a parabolic containing Njr[S). It is called a full maximal parabolic, if 
it is not properly contained in any other parabolic subsystem of T. 

Thus, in this paper, we treat the case of a minimal fusion system having a unique full maximal 
parabolic. Note that this assumption is slightly more general than just supposing that a minimal 
fusion system has a unique maximal parabolic. Even more generally, we will in fact assume only 
that there is a proper saturated subsystem containing every full maximal parabolic. We will use 
the following notation. 

Notation 1.3. Let M be a subsystem of T on S. We write J-'^ffor the set of centric subgroups Q 
of J^ for which there exists an element of Mor-jr{Q, Q) that is not a morphism in M. 

Note here that, if A/" is a proper subsystem of J^, we get as a consequence of Alperin's Fusion 
Theorem that the set J^/ is non-empty. In our investigation we focus on members of F^ that are 
maximal in the sense defined next. 

Definition 1.4. • For every subgroup P of S write m{P) for the p-rank of P, i.e. for the 
largest integer m such that P contains an elementary abelian subgroup of order p"^.. 

• Let S be a set of subgroups of S. An element Q of £ is called Thompson-maximal in £ if, 
for every P e £, m{Q) > m{P) and, ifm{Q) = m{P), then \J{Q)\ > | J(P)|. 

Here, for a finite group G, the Thompson subgroup J{G) (for the prime p) is the subgroup of G 
generated by the elementary abelian p-subgroups of G of maximal order. As a first step in our 
investigation we show the existence of Thompson-restricted subgroups. These are subgroups of 
S whose normalizer in F has a very restricted structure and involves 5*^2 (g) acting on a natural 
module. More precisely, Thompson-restricted subgroups are defined as follows. 

Definition 1.5. Let Q E J^ be centric and fully normalized. Set T := Ns{Q) and let G be a model 
for Njr{Q). We call such a subgroup Q Thompson-restricted if, for every normal subgroup V of 
J{G)T with Vt{Z{T)) <V < Vt{Z{Q)), the following hold: 

(i) Ns{J{Q)) = T and J{Q) is fully normalized.. 

(ii) Gsiy) = Q and Cg{V)/Q is a p' -group. 

(Hi) J{G)/Cj(^G)iy) — SL2{q) for some power q ofp, and V/Cv{J{G)) is a natural SL2{q)- 
modulefor J{G)/Cj(G)(y)- 

(iv) GTiJiG)/Cj^G)iV)) < Q. 
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Here a model for J^ is a finite group G containing 5 as a Sylow p-subgroup such that Cg{Op{G)) < 
Op{G) and J" = TsiG). By a Theorem of Broto, Castellana, Grodal, Levi and Oliver HBCGLQL 
there exists a (uniquely determined up to isomorphism) model for J^ provided J^ is constrained. 
Here J-' is called constrained if J-" has a normal p-subgroup containing its centralizer in S. For 
every fully normalized, centric subgroup Q of J-", the normalizer Njr(Q) is a constrained saturated 
subsystem of T. This makes it possible in Definition 1 1.51 to choose a model for Njr(Q). For the 
definition of a natural SL2{q) -module see Definition 15 .51 

Crucial in our proof is the following theorem that requires neither the minimality of F, nor the 
existence of a proper saturated subsystem containing every full maximal parabolic. 

Theorem 1. Let M be a proper saturated subsystem of J^ containing G jr{yL{Z {S))) andNjr(J(S)). 
Then there exists a Thompson-maximal subgroup Q ofJ^j\f such that Q is Thompson-restricted. 

The proof of Theorem[T]can be found in Section|9l It uses FF-module results of Bundy, Hebbing- 
haus, Stellmacher [BHS|. Apart from that, the proof is self-contained. In particular, it is possible 
to avoid the use of the classification of finite simple groups or any kind of /C-group hypothesis in 
the proof of Theorem [Hand, in fact, in the proof of all the theorems in this paper. 

Note that N^{n{Z{S))) and iV^(J(5)) are full parabolics of J^, as n{Z{S)) and J{S) are char- 
acteristic in S. In particular, if A/" is a proper saturated subsystem of J' containing every full 
parabolic, then J\f fulfills the hypothesis of Theorem [T] Hence, there exists a Thompson-maximal 
subgroup Q of J-^ such that Q is Thompson-restricted. As we show in the next theorem, the 
fusion system J^ being minimal implies for each such Q that Njr(Q) has a very simple structure. 

Theorem 2. Let T be minimal and let M be a proper saturated subsystem, of T containing every 
full parabolic. Let Q G J^j\f such that Q is Thompson-restricted and Thompson-maximal in J^j^. 
Let G be a model for Njr[Q) and M = J{G). Then Ns{X) = Ns{Q), for every non-trivial 
normalp-subgroup X of MNsiQ). Moreover, Q < M, M/Q = SL2{q), and one of the following 
holds: 

(I) Q is elementary abelian, and Q/Gq{M) is a natural S L2{q) -module for M/Q, or 

(II) p = 3, S = NsiQ) and \Q\ = q^. Moreover, Q/Z{Q) and Z{Q)/^{Q) are natural SL2{q)- 
modulesfor M/Q, and $(Q) = Gq{M). 

The proof of Theorem[2]can be found in Chapter [TT] and is self-contained. For p = 2, Theorem[T] 
and Theorem [2] lead to a complete classification of the fusion system J^. This is a direct conse- 
quence of a more general result (Theorem 1 8. 21) on fusion systems of characteristic 2-type that we 
prove in Chapter [8l This proof relies on a group theoretical result (Theorem 17. 3 1) from Chapter|7] 
It uses a special case of the classification of weak BN-pairs of rank 2 from HDGSH (see Theo- 
rem l7.5l) . and is apart from that self-contained. However, many of our arguments are similar to the 
ones in [IA2II . In fact, using the Odd Order Theorem of Feit-Thompson and the above mentioned 
theorem of Goldschmidt on groups with a strongly closed 2-group, the following classification 
for j9 = 2 could also be obtained as a consequence of [IA2II . However, we prefer in this paper to 
give a proof that does not rely on these theorems. In particular, our proof needs only methods and 
results from local group theory, whereas Goldschmidt's theorem relies heavily on Glaubermann's 
Z* -Theorem, whose proof uses modular representation theory. 
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Theorem 3. Assume p = 2, J^ is minimal, and there is a proper saturated subsystem ofT contain- 
ing every full parabolic of T. Then there is a finite group G containing S as a Sylow 2-sub group 
such that T = J^s{G) and one of the following holds: 

(a) S is dihedral of order at least 16, and G = L2 (r) or PGL2 (r) for some odd prime power r. 

(b) S is semidihedral, and G is an extension of L2 (r^) by an automorphism of order 2, for some 
odd prime power r. 

(c) S is semidihedral of order 16, and G = Ls{3). 

(d) \S\ = 32, andG^ Aut{AQ) or Aut{L3{3)). 

(e) \S\ = 2'^andG = J3. 

(f) F*{G) ^ L^{q) or Sp^iq), \0^{G) : F*{G)\ is odd and \G : 0\G)\ = 2. Moreover, if 
F*{G) = Sp4{q) then q = 2^ where e is odd. 

Throughout this paper, we write mappings on the right side. By p we will always denote a prime. 
In our notation and terminology regarding fusion systems we mostly follow HBLOII . The reader 
can find further basic definitions in Section[2l We adapt the group theoretic notions from HKSH . In 
particular, we define a finite group to be p-closed if it has a normal Sylow p-subgroup. Moreover, 
for a normal subgroup N of G, we will often make use of the so called "bar"-notation. This 
means that, after setting G = G/N, we write U (respectively g) for the image of a subgroup U of 
G (respectively, an element g E G) in G. 

2 Saturated fusion systems 

Let G be a group. Write Inn{G) for the group of inner automorphisms of G. For g E G, denote 
hy Cg : G —^ G the inner automorphism of G determined by g. Let P and Q be subgroups of G. 
For any map (p : P ^>- Q, A < P and Acp < B < G, write (f)\A,B for the map with domain A and 
range B mapping each element of A to its image under 0. We will frequently use the following 
notation. 

Notation 2.1. For subgroups P and R ofG set 

Rp := AutniP) ■= {c,|p,p : 9 e NniP)}. 

We adapt the basic definitions and notation related to fusion systems from HBLOII . From now on 
let S* be a finite p-group and .F be a fusion system on S. If G contains S* as a subgroup, then we 
write J-'siG) for the fusion system on S whose morphisms are the conjugation maps Cg.p^ with 
P,Q<S and g E G such that P^ < Q. By an abuse of notation we denote by J^ also the set of all 
objects of J-". In particular, we write Q E F instead ofQ<S. By P^ we denote the J-'-conjugacy 
class of P. We will refer to the following elementary property: 

Remark 2.2. Let Q E T and let U be a characteristic subgroup ofQ. Assume U is fully normal- 
ized in T and Ns{U) = Ns{Q). Then Q is fully normalized. 
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Proof. Let P E Q^^ and (p E Morjr{Q, P). Then U(j) E U-^ and Ucj) is characteristic in P = 
So, as U is fully normalized, we get 

\Ns{P)\ < \Ns{U<i))\ < \Ns{U)\ = \Ns{Q)\. 

Hence, Q is fully normalized. D 

For a fusion system £^ on a subgroup T of S, we write £ < J^ if £^ is a subsystem of J-", i.e. if 
MoreiP, Q) C Mor^{P, Q) for all P, Q < T. For £ < J^, P G ^ and L < AMt^(P), we write 
L < £^ to indicate that L < Aut^^P), and L ^ £^ if the converse holds. We will also use the 
following notation: 

Notation 2.3. • For every P E J^ set 

Aut^{P) = Mor^{P,P). 

• For P,Q E J-" and an isomorphism E Morjr[P, Q) we write 0* for the map 

0* : Autjr{P) -^ Autjr{Q) defined by a h> 0~^a0. 

• If P <A<S,Q<B<S and E Morjr[A, B) such that (t)\p,Q is an isomorphism, then 
we sometimes write 0* instead of{(f)\p^Q)*. 

For the remainder of this section assume that T is saturated. To ease notation we set 

A{P) := Aut^{P), for every P E T. 
Remark 2.4. Let E A{U) andU <X < NgiU). 

(a) If (p extends to a member of A{X) then Xucf)* = Xu- 

(b) Assume Cs{U) < X and U is fully centralized. Then Xu4>* = Xu if and only if (p extends 
to a member of A{X). 

Proof. An elementary calculation shows (a), and (b) is a consequence of (a) and the saturation 
axioms. D 

Lemma 2.5. Let Q E J-". Then Q is fully normalized if and only if for each P E Q^, there exists 
a morphism cf) E Morjr[Ns{P), Ns{Q)) such that P(j) = Q. 

Proof. See for example fLin', 2.6]. D 

A subgroup P G J-" is called normal in J^ if J^ = Njr(P) . Observe that the product of two normal 
subgroups of J^ is again normal in J'. Hence, there is a largest normal subgroup of J^ which we 
denote by Op{F). The fusion system F is called constrained if Op{F) is centric. A model for 
J^ is a finite group G containing S* as a Sylow p- subgroup such that G has characteristic p (i.e. 
Cg{0.p{G)) < Op(G)), and T = MG). 

Theorem 2.6 (Broto, Castellana, Grodal, Levi and Oliver). A fusion system T is constrained if 
and only if there is a model for T. Furthermore, ifG and H are models for J-' then there exists an 
isomorphism (j) : G ^^ H such that cf) is the identity on S. 
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Proof. This is Proposition C in HBCGLOL D 

Observe that, if G is a model for J^, then Op{F) = Op{G). In the notation we introduce next we 
follow Aschbacher [|A2l . 

Notation 2.7. Let P E J^ such that P is fully normalized and Njr[P) is constrained. Then by 
G{P) we denote a model for Njr(P). 



Note here that, by Theorem 12 .61 G{P) exists and is uniquely determined up isomorphism. 

Define P to be strongly closed in J^ if, for all A, B < S and every morphism (p E Morjr(A, B), 
(A n P)0 < P. Note that every normal subgroup of J-' is strongly closed in J^, and every 
strongly closed subgroup of J-' is normal in S. Given a strongly closed subgroup R of J-", Puig 
defined a factor system J'/R which is a fusion system on S/R. Here for subgroups A, B of S 
containing R, the morphisms in Morjr/ji{A/R, B/R) are just the maps induced by the elements 
of Mor^{A,B). 

Theorem 2.8 (Puig). Let R be strongly closed in T. Then T jR is a saturated fusion system on 

S/R. 

Proof. This follows from [iPul 6.3]. D 

In our definition of solvable fusion systems we follow Aschbacher HAIH . who defined F to be 
solvable if every composition factor of F is the fusion system of the group of order p. However, 
as we have not defined normal subsystems and composition factors in this paper, we prefer to give 
the definition in the language we introduced. Aschbacher HAli 15.2,15.3] has shown his definition 
to be equivalent to the following. 

Definition 2.9. The fusion system T is solvable if and only if Op{J^/R) ^ I for every strongly 
closed subgroup R^ S of F. 

We will use the following properties of solvable fusion systems. 

Theorem 2.10 (Aschbacher). Let T be solvable. 

{a) Every saturated subsystem of T is solvable. 

(b) T is constrained. 

Following Aschbacher [IA2II . we define T to be of characteristic p-type if Njr(P) is constrained, 
for every fully normalized subgroup P E J-'. Recall from the introduction that we call J-' min- 
imal if Njr(P) is solvable, for every fully normalized subgroup P E J-'. As a consequence of 
Theorem 12.1 or b) we get: 

Corollary 2.11. IfJ^ is minimal then T is of characteristic p-type. 

Next we state Alperin-Goldschmidt Fusion Theorem and some of its consequences. The following 
definition is crucial. 

Definition 2.12. A subgroup Q E J^ is called essential ifQ is centric and A{Q) / Inn{Q) has a 
strongly p-embedded subgroup. 
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Recall that a proper subgroup if of a finite group G is called strongly p-embedded if p divides 
the order of H, and the order of H D H^ is not divisible by p for every g E G\H. It is elementary 
to check that every J^-conjugate of an essential subgroup is again essential. This allows to refer to 
essential classes meaning the .F-conjugacy classes of essential subgroups. 

Theorem 2.13 (The Alperin-Goldschmidt Fusion Theorem, Puig). Let C be a set of subgroups of 
S such that S E C and C intersects non-trivially with every essential class. Then, for all P,Q < S 
and every isomorphism (p G Morjr(P, Q), there exist sequences of subgroups ofS 

P = Pq, Pi, . . . , Pn = Q in 7, and Qi,...,Qn in C 
and elements ai G A{Qi) for i = 1, . . . ,n such that Pj-i, Pi < Qi, Pi-iCXi = Pi and 

= («i|Po,Pi)(«2|Pi,P2) • • • (a„[P„_i,p„). 
Proof This is a direct consequence of ULini 5.2] and HDGMPi 2.10]. D 

The proof of the following Lemma uses Theorem l2.13[ 

Lemma 2.14. Let N E J^, and let V be a set of representatives of the essential classes of J-". 
Set C = {S} U V. Then N is normal in T if and only if for every P E C, N < P and N is 
A{P) -invariant. 

Proof See El 2.17]. D 

Lemma 2.15. Let U E T such that U is not fully normalized. Then Ns{U) is contained in an 
essential subgroup of J^. 

Proof. By Lemma [231 there is </) G Morjr(Ns{U), S) such that Ucj) is fully normalized. As U is 
not fully normalized, (p does not extend to an element of A(S). Now by Theorem 12. 131 there is 
ijj E A{S) such that Ns{U)iJj is contained in an essential subgroup. Since every J^-conjugate of 
an essential subgroup is again essential, this yields the assertion. D 

Given a saturated fusion system ^ on a finite p-group S, we call a group isomorphism a : S ^)- S 
an isomorphism (of fusion systems) from J^ to ^ if for all subgroups A, B of S, 

a'^Morjr{A, B)a = Mor{Aa, Ba). 

An immediate consequence of Theorem l2.13l is the following remark. 

Remark 2.16. Let T be a saturated fusion system on a finite p-group S. Let £ be a set of repre- 
sentatives of the essential classes of J^ and C = S U {S}. Then a group isomorphism a : S ^ S 
is an isomorphism between T and T if and only if {Pa : P E £} is a set of representatives of the 
essential classes of T and o~^A{P^a = Autp[Pa)for every P E C. 

We conclude this section with some results that are important in Section |9] where we show the 
existence of Thompson-restricted subgroups. Recall from Notation [L3] that, for a subsystem A/" of 
J-" on S, we write Ff^ for the set of centric subgroups Q of F for which there exists an element in 
A{Q) that is not a morphism in M. Furthermore, we introduce the following notation. 
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Notation 2.17. Let M be a subsystem of T on S. Then we write T*j^ for the set of Thompson- 
maximal members o/ J-}vr|j 

We get the following three corollaries to Theorem l2.13[ 

Corollary 2.18. Let M be a subsystem of T on S. Then Tj^i ^ if and only if J^ ^ Af. 

Corollary 2.19. Let M be a proper subsystem of J^ on S. Let X G T^, J{X) < R < S and 
(j) e Margin, S). Then J{R) = J{X) or (j) e Af. 

Proof. Assume ^ J\f. Then by Theorem I2.13[ R is J^-conjugate to a subgroup of an element 
of J-V- Hence, as J{X) < R, the subgroup X being Thompson-maximal in J'_^f implies J{R) = 

j{x). n 

As a special case of Corollary 12 .191 we get 

Corollary 2.20. Let Af be a proper subsystem of T on S. Let X G J^p and Q ^ T such that 

J{X) < Q andA{Q) ^ Af. Then J{Q) = J{X). 

Remark 2.21. Let Q G T such that J{S) ^ Q. Then J{NsiJ{Q))) ^ Q. 

Proof Otherwise .J{Ns{JiQ))) = J{Q) and so 

Ns{Ns{J{Q))) < Ns{J{Ns{J{Q)))) = NsiJiQ)). 

Then S = Ns{J{Q)) and so J{S) < Q, a contradiction. D 

Lemma 2.22. Let Af be a proper subsystem offF on S. Then there exists X G fF]^ such that J{X) 
is fully normalized. 

Proof By Corollary [2l8l we can choose Xq G J'^. Set Uq = J{Xo) and let U G U(f be fully 
normalized. Then by Lemma [231 there exists </> G Morjr(Ns{Uo), Ns{U)) such that U^cp = U. 
Set X := XqcJ). If J{S) < Xq then obserye that Uq = J{S) = U, so Uq is fully normalized. 
Therefore, we may assume that .J{S) ^ Xq. Hence, by Remark [lilll .J{Ns{Uo)) ^ Xq. It 
follows now from Corollary 12.191 that is a morphism in Af. Since A(Xo) = 0y4(X)0^^ and 
A{Xo) ^ Af, we get A{X) ^ TV and so X G JV. As Xq g J^ ^nd X G X[, it follows 
X G J-y^. Since J{X) = U is fully normalized, this shows the assertion. D 

Lemma 2.23. Let Af be a proper saturated subsystem of fF containing Cjr{yi{Z{S))). Let X G 
fFj^ such that J{X) is fully normalized. Then A{.J{X)) ^ Af. 

Proof Set U := J{X) and assume A{U) < Af. Let G A{X) such that (j) ^ Af . Then 
a := 0|(7,c/ G Af and, by Remark [241 a). Xjja* = XjjU In particular, X < Na. Obserye that U is 
fully normalized inAf. Hence, as A/" is saturated, a extends to an element ^ G Morj^{X, S). Note 
that (f^'^if is the identity on U. By definition of F'j^, X is centric and therefore ri{Z{S)) < X. 
This yields n{Z{S)) < J{X) = U. Thus, 0-^ e Cr{n{Z{S))) < A/" and so G A/", a 
contradiction. Hence, A(U) ^ Af. D 



'Recall Definition [TH 

^Recall Notation [TT] and Notation [231 
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Lemma 2.24. Let N be a proper saturated subsystem ofT containing Cj:{VL{Z(S)y). Then there 
exists Q G J-y^ such that Ns{J{Q)) = Ns{Q) and J{Q) is fully normalized. 

Proof. By Lemma [2 .221 we can choose X G J-"^ such that U := J{X) is fully normalized. 
Then, by Lemma |l23l we have A{U) ^ Af. Set V := n{Z{U)) and Q := Cs{V) n NsiU). 
Then U < Q and NsiU) < NsiQ). Since U is fully normalized, Su G Sylp{A{U)). Hence, 
Qu e Sylp{CA{u){y)) and, by a Frattini- Argument, 

AiU) = CAiu){V)NAiu){Qu). 

As X is centric, we have fi(Z(5)) < J{X) = f/and thus, fi(Z(5)) < V. Therefore, Ca(c/)(^) < 
C^{n{Z{S))) < M and so Na(jj){.Qu) t AT. Since CsiU) < Csiy) n NsiU) = Q, it follows 
from Remark [Z4l' b) that every element of NA(u)iQu) extends to an element of A(Q). Hence, 
AiQ) t U. Now Corollary [£20] implies that .J{Q) = U = J{X). Hence, NsiU) < NsiQ) < 
Nsi-JiQ)) = NsiU) and, by Remark [Z2l Q is fully normalized. In particular, Q is fully central- 
ized and therefore, as CsiQ) < Q, centric. Thus, Q G T^. This proves the assertion. D 

3 The Frattini subgroup 

Throughout this section let G be a finite group. Recall that the Frattini subgroup $(G) of G is 
the intersection of all maximal subgroups of G. 

Remark 3.1. (a) Let H be a subgroup ofG.IfG = if <I>(G) then G = H. 

(b) ^iG) is nilpotent. 

(c) ^iG/N) = ^iG)/N, for every normal subgroup NofG contained in $(G). In particular, 

$(G/<I>(G')) = L 

(d) $(A^) < $(G), for every normal subgroup N ofG. 

Proof For (a) and (b) see 5.2.3 and 5.2.5(a) in ESl. Let A^ be normal in G. If N < $(G), 
then a subgroup M of G is maximal in G if and only if A^ < M and M/N is maximal in G/N. 
This shows (c). For the proof of (d) assume by contradiction that there is a maximal subgroup 
M of G such that <I>(A^) ^ M. Then G = ^N)M and A^ = $(Ar)(M n A^). Hence, by (a), 
<I>(A^) < A^ = MnA^ < M, a contradiction. D 

The main aim of this section is the proof of the following lemma that the author learned from 
Stellmacher and was probably first proved by Meierfrankenfeld in the case p = 2.lt will be useful 
in connection with the pushing up arguments in Section [10] and Section [TTl 

Lemma 3.2. Let G be a finite group with OpiG) = 1, and let N be a normal subgroup ofG such 
that G/N is a p-group. Then $(G) = <I>(A^). 

Proof. Assume the assertion is wrong and let G be a minimal counterexample. Then OpiG) = 1 
and we may choose a normal subgroup A^ of G such that G/N is a p-group and $(G) 7^ $(A^). 
We choose this normal subgroup A^ of maximal order. By Remark [3TlT d). we have 

(1) $(A^) < $(G). 
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The assumption Op{G) = 1 implies Op{^{G)) = 1. Hence, Remark [STTT b) gives 

(2) $(G) has order prime to p. 

Consider now G := G/$(iV). Let X be the full preimage of Op(G) in G and P G Sylp{X). 
Then X = ^{N)P and the Frattini Argument gives G = XNciP) = <I>(A^)A/^g(P). Now_(1) and 
Remark [TTra) imply G = NdP). Hence, as Op{G) = 1, we have P = 1 and so Op(G) = 1. 
Assume now ^(N) ^ 1. Then \G\ < \G\ and, as G is a minimal counterexample, 0(G) = $(A^). 
Now by Remark [STIJc), $(G) = 1. Thus, by Remark [3711 $(G) = $(iV), a contradiction. This 
shows 

(3) <I>{N) = 1. 

Set now Go := N^(G). Observe that, by Remark [XTT a). Gq is a proper subgroup of G. As 
Op{G) = 1 and Gq is normal in G, we have Op(Go) = 1. Hence, the minimality of G yields 
$(Go) = $(iV). If <I>(G) ^ A^, then the maximality of |A^| implies <I>(G) = <l>(Go) = ^(N), a 
contradiction. Hence, 

(4) $(G) < A^. 

Set V := ^($(G)). Observe that, by (3) and Remark [3l];b), 

(5) Vj^l. 
We show next 

(6) V has a complement in A^. 

By (3) and (5), there is a maximal subgroup Mq of A^ such that V ^ Mq. Then A^ = VMq. Hence, 
there is a non-empty set S of maximal subgroups of A^ such that A^ = VU, forU := f]£. We 
choose such a set £ of maximal order. If U D V ^ 1, then (3) implies the existence of a maximal 
subgroup M of A^ such that U nV ^ M. Then, in particular, U ^ M and so M ^ S. Moreover, 

N ={Un V)M, sou = {UnV){Un M) and N = VU = V{U n M). This is a contradiction 
to the maximality of |(£^|. Hence, U nV = 1 and (6) holds. 

We now derive the final contradiction. By (2), (6) and a Theorem of Gaschiitz (see e.g. flKSi 
3.3.2]), there is a complement K of V in G, i.e. K f\V = I a.nd G = KV = K^{G). Now 
Remark inT a) implies G = K and so V = 1, a contradiction to (5). D 

4 Minimal parabolics 

Let G be a finite group and T G Sylp{G). 

Definition 4.1. G is called minimal parabolic (with respect to p) ifT is not normal in G and there 
is a unique maximal subgroup ofG containing T. 

This concept is originally due to McBride. One of the main properties of minimal parabolic groups 
is the following. 
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Lemma 4.2. Let G be minimal parabolic with respect to p and let N be normal in G. Then the 
following hold. 

(a) NnT<Gor Op{G) < N. 

(b) IfOp{G) = 1 then Op{G) < N or N < $(G). 

Proof. For (a) see [iPPS, 1.3(b)]. For the proof of (b) assume by contradiction, Op{G) = 1, 
N ^ ^{G) and Op{G) ^ N. Then there is a maximal subgroup M of G such that N ^ M, 
and, by (a), T fl A^ = 1. Hence, G = MN and M contains a Sylow p-subgroup S of G. As 
NS ^ M and S is contained in a unique maximal subgroup of G, this implies G = NS and so 

OP{G) <N. n 

Given a group G which is not p-closed, it is easy to obtain minimal parabolic subgroups of G 
containing a Sylow p- subgroup of G. This is a consequence of the following remark which is 
elementary to check. 

Remark 4.3. Let H be a subgroup ofG such that Ng(T) < H < G. Assume that P is a subgroup 
ofG which is minimal with the properties T < P and P ^ H. Then P is minimal parabolic and 
H n P is the unique maximal subgroup ofP containing T. 

5 FF-modules 

Throughout this section let G be a finite group, p be a prime dividing \G\,T G Sylp{G), and let 
V be a finite dimensional GF(]9)G-module. 

Definition 5.1. • A subgroup A ofG is said to be an offender on V, if 

(a) A/Ga{V) is a non-trivial elementary abelian p-group, 

(b) \V/GviA)\ < \A/GAiV)\. 

• A subgroup AofG is called best offender if (a) holds and 

(b') \A/Ga{V)\\Gv{A)\ > \A* /Ga*{V)\\Gv{A*)\ for all subgroups A* of A. 
We write OciV) for the set of all best offenders in G on V. 

• The module V is called an FF -module for G, if there is an offender in G on V. 

• An offender AonV is called an over-offender on V if\V/Cv{A) \ < \A/GAiV) \. 

• IfOaiV) T^%,weset 

mciy) := max{\AICA{y)\\Cv{A)\ : AeOciY)}, 
and define AciV) to be the set of minimal (by inclusion) members of the set 
{AeOaiV) : \A/GA{V)\\Gv{A)\=mG{V)}. 
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• For a set of subgroups VofG and E < G set 

VnE = {AeV: A< E}. 

By HMSl 2.5(a),(b)], every best offender on V is an offender on V, and V is an FF-module if and 
only if there is a best offender on V. We will use this fact frequently and without reference. 

Definition 5.2. Write A{G) for the set of all elementary abelian p-subgroups of G of maximal 
order Recall that the Thompson subgroup J{G) is the subgroup ofG generated by A{G). 

Lemma 5.3. Let V be an elementary abelian normal p-subgroup of G. Let A G A{G) and 
suppose that A does not centralize V. 

(a) A is a best offender on V. 

(b) If A is not an over-offender on V, then VGa{V) G A{G). In particular, we have then 

ACg{V)) C A{G) and JiCciV)) < J{G). 

Proof For the proof of (a) see llBHSl 2.8(e)] . For the proof of (b) see BMl B.2.4]. D 

Lemma 5.4. Let V, W be normal elementary abelian p-subgroups ofG with V <W and [V, J{G)] ^ 
1. Let A G A{G) such that \y, A\ ^ 1, and AGciW) is a minimal with respect to inclusion ele- 
ment of the set 

{BGg{W) : 5G^(G), [W,B]^l}. 

Assume A is not an over-offender on V . Then we have \W/Cw{,A)\ = \A/Ga(W)\ = \V/Cv{A)\ 
andW = VGw{A). 

Proof It follows from Lemma EJ that \V/Gv{A)\ = \A/Ga{V)\, B := GA{y)V G A{G) and 
\W/Cw{A)\ < \A/Ga{W)\. Since [V,A] ^ 1 and [V,B] = 1, BGdW) is a proper subgroup of 
ACg{W). Hence, the minimality of ^^^.(W^) yields [W,B] = 1. Thus, Ga{V) = C^(W^). It 
follows that 

\W/Gw{A)\ < \A/Ga{W)\ = \A/Ca{V)\ 

= \V/GviA)\ = \VGwiA)/GwiA)\ < \W/GwiA)\. 

Now equality holds above, i.e \A/Ga{W)\ = \W/Gw{A)\ = \V/Gv{A)\ and W = VCw{A). 

n 

We continue by looking at natural 5*^2 (g) -modules and natural S^-modules. These modules pro- 
vide important examples of FF-modules. 

Definition 5.5. Suppose G = 5*^2 (g) for some power q of p. Then V is called a natural 5*^2 (g)- 
module for G ifV is irreducible, F := EndciV) = GF{q) and V is a 2-dimensional FG-module. 

The following lemma about natural 5/72(5) -modules is well known and elementary to check. 

Lemma 5.6. Assume that G = SL2{q) and V is a natural SL2{q) -module for G. Then the 
following hold: 

(a) \Gv{T)\=q and GyiT) = [V, T] = Gv{a)for each a G T*. 



14 ELLEN HENKE 

(b) We have OciV) = {A < G : A is an offender onV} = Sylp{G). Moreover, there are no 
over-offenders in G on V. 

(c) Gg{Cv{T)) = T. 

(d) Every element ofG of order coprime to p acts fixed point freely on V. 

Lemma 5.7. Let H < G such that H = SL2{q) and Gt{H) < H. Let V be a natural SL2{q)- 
modulefor H and assume GciV) = 1. Then Gt{Gv(T fl H)) < H. 

Proof Set Z := Cy(T n H) and To := Gt{Z). Observe that, by the structure of Aut{SL2{q)), 
there is an element x e H\NHiT n H) such that Tq = (T n H)GToix). Then [Z^, Groix)] = 1 
and so, V = ZZ^ is centralized by GTf^ix). Hence, Gto{x) = 1 and Tq < H. D 

Lemma 5.8. Let G = SL2{q) and V/Gv{G) be a natural SL2{q) -module for G. Let A < G be 
an offender on V. Then 

(a) \V/Gv{A)\ = \A\ = qandGv{A)= Gy {a) for every a G A*, 

(b) [V,A,A] = 1. 

Proof. As G = SL2{q), for every a G A* there exists g E G such that G = {A, a^). Hence, 
\V/Gv{G)\ < \V/Gy{A)\\V/Gv{a)\ < \V/Gy{A)\' < \A\' = q^ = \V/Gv{G)\. 

Thus, the inequalities are equalities and (a) holds. Together with Lemma [5^ a) this implies (b). 

D 

Lemma 5.9. Let V be an elementary abelian normal subgroup ofG. Assume G/V = SL2{q) and 
V/Gv{G) is a natural SL2{q) -module. Then V G A(T). Moreover, the following hold: 

(a) ForR G A{T)\{V}, we have T = VR, RnV = Z{T) andGv/Cv{J{G)){T) = Z{T)/Gv{G). 

(b) Ifp = 2 and J{T) ^ V then \A{T)\ = 2 and every elementary abelian subgroup ofT is 
contained in an element of A{T). 

Proof. Property (a) and V G A{T) is a consequence of Lemma [531 fa) and Lemma [531 a). (b). 



Now (b) is a consequence of (a), Lemma [S!6f a) and the fact that the product of two involutions is 
an involution if and only if these two involutions commute. D 

Lemma 5.10. Letp = 2 and let V be an elementary abelian normal 2-subgroup ofG. Suppose S 
is a 2-group containing T as a subgroup. Assume the following conditions hold: 

(i) V < J{G), and J{G)/V ^ SL2{q)for some power qof2. 

(ii) V/Gv{J{G)) is a natural S L2{q) -module for J{G)/V. 

(Hi) S^T = Ns{V) = Ns{U),for every l^U < Gv{J{G)) with U <T. 

(iv) Gt{J{G)/V) < V. 

Then the following hold: 
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(a) \Ns{T) : T\ = \Ns{J{T)) : T| = 2 and Ns{T) = Ns{J{T)). 

(b) IfJ{Ns{J{T))) ^Tthenq = 2 and \V\ = 4. 

(c) IfJ{Ns{J{T))) < T then J{T) = J{S), and \S : T\ = 2. 

(d) IfT = J(T) and Z{T) = Z{S) then Criu) = Z{S) for every involution u G Ns(T)\T. 

Proof. Since S ^ T and NsiV) = T, there is a conjugate of V in T distinct from V. Now 
by Lemma [5:91 \A{T)\ = 2 and V" G A{T). As S ^ T = Ns{V), this implies (a). Assume 
now there is i? G A{NsiJiT))) such that R ^ T. Observe that by Lemma [5^ R n J{T) < 
Vn V^ = Z{J{T)) for X G R\T. Moreover, by (iii), CviJiG)) n CviJiG)^ = 1 and so 
R n J{T) n CviJ{G)) = 1. Hence, if R n T < J{T) then \Rr\T\ < q. By (iv), T /V 
embeds into Aut{J{G)/V), so we have that T/J{T) is cyclic and thus \R n T/R n J(T)| < 2. 
Moreover, by LemmaO \Gz{j(T))/Cy{j{G)){t)\ < g for t G T\J{T). Hence, if i? n T ^ J(r) 
then \R n J(T)| < g and, again, \Rn T\ < q. Now by (a), q^ <\V\<\R\<2-q,soq = 2 and 
I V^l = q^ = A. This shows (b). Since S is nilpotent, (c) is a consequence of (a). 

For the proof of (d) assume now T = J{T) and Z{T) = Z{S). Let u G Ns{T)\T be an 
involution and y G Gt{u). By Lemma [5^ a), there exist a,a E V such that y = aa^. Then 
aS" = (afi^)" = a^'a. Now [V, l^"] < y n V" = Z{T) implies aZ(T) = SZ(T). Let z G Z(T) 
such that a = az. Then, as Z{T) = Z(S), y = aa^z and aa'^ = yz = {yzY = a^a- Hence, 
LemmalSZta) implies a G Z{T) and so y G Z{T) = Z{S). D 

Definition 5.11. Let G = Smfor some m > 3. 

• We call a GF{2)G-module a permutation module for G, if it has a basis {vi, V2, ■ ■ ■ , fm} 
of length m on which G acts faithfully. 

• A GF(2)G-module is called a natural Sm-module for G if it is isomorphic to a non-central 
irreducible section of the permutation module. 

Observe that natural S^-modules are by this definition uniquely determined up to isomorphism. 

Lemma 5.12. Assume p = 2, G = S2n+i and V is a natural G-module. Then the following 
conditions hold: 

(a) The elements in OciV) are precisely the subgroups generated by commuting transpositions. 

(b) Ng{J)/J = S^for J := {Og{V)). 

(c) There are no over-offenders in G on V. 

Proof. Part (a) follows from HBHSi 2.15]. Claims (b) and (c) are consequences of (a). D 

6 Pushing up 

Throughout this section, let G be a finite group, p a prime dividing IG] and T G Sylp{G). Let q 
be apower of p. 
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6.1 A result by Baumann and Niles 

The group G is said to have the pushing up property (with respect to p) if the following holds: 

(PU) No non-trivial characteristic subgroup of T is normal in G. 

Note that this property does not depend on the choice of T since all Sylow p-subgroups of G are 
conjugate in G. The problem of determining the non-central chief factors of G in Op{G) under 
the additional hypothesis 

(*) G/$(G) ^ L2{q) for G = G/Op(G) 

was first solved by Baumann fBau] and Niles UNill independently. Later Stellmacher nStll gave a 
shorter proof. We state here a slight modification of the result. 

Hypothesis 6.1. Let Q := Op{G) and let W < fi{Z{Q)) be normal in G. Suppose the following 
conditions hold: 

(1) G/GciW) ^ SL^iq), 

(2) W/Gw{G) is a natural S L2{q) -module for G/Gg{W), 

(3) G has the pushing up property (PU), and (*) holds. 

Theorem 6.2. Suppose Hypothesis \6. l\ holds. Then one of the following holds for V := [Q,Op{G)]. 

(I) V < n{Z{Op{G))) and V/Gv{G) is a natural SL2{q) -module for G/Gg{W). 

(II) Ziy) < Z(Q\ p = 3, and ^{V) = GviG) has order q. Moreover, V/Z{V) and 
Z{V)/(^{V) are natural SL2{q)-modulesfor G/CciW). 

Furthermore, the following hold for every (f) G Aut(T) with Vcj) ^ Q. 

(a) Q = VGq{L) for some subgroup LofG with O'^iG) < L and G = LQ. 

(b) If (II) holds then Q(f = Q. 

(c) HGQ{OnG)))<P = HGQiOnG))). 

(d) If (II) holds then T does not act quadratically onV/^(y). 

(e) If (II) holds then W(j)<QandV < W{{W(j)f). 

(f) V t Q<p. 

Proof. Theorem 1 in UStlH and UNill 3.2] give us the existence ofifjE Aut(T) such that 

L/VoOpiL) = SL2{q) for L = {ViIj)0''{G) and Vq = V{L n Z{G)), 
and one of the following hold: 
(F) V < n{Z{Op{G))) and V/Cv{G) is a natural 5L2(g)-module for L/VoOp>{L). 
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(IF) Z{V) < Z{Op{G)), p = 3, and ^{V) = Cy(G) has order q. Moreover, V/Z{V) and 
Z{V)/^{V) are natural 5^2 (g) -modules for L/VoOpiL). 

Observe that LQ contains 0^(0) and a Sylow p-subgroup of G, so G = LQ. Now (a) is a 
consequence of Theorem 2 in UStlll . Moreover, (b),(c) and (d) follow from 2.4, 3.2, 3.3 and 
3.4(b),(c) in [Stl J. Clearly (F) implies (I). Moreover, if (F) holds then Ct{V) = Q and Gt{V(J)) = 
, so (f) holds in this case. 



We assume from now on that (IF) holds and show next that G/CdW) acts on V/Gv{G). Note 
that [V, V] < GviG) and so by (a), [V, Q] < Cy(G). Therefore, as [V, Op'(L)] = 1 = [1^, Op^L)] 
and [W,OP{G)] = [Z{V),Op{G)], we have GiiW) = Op>{L)Vo and CdW) = Cql(W^) = 
QCLiW) < CGiV/CviG)). So G/CciW) acts on V/CviG) and (II) holds. 

Let now G Aut{T) such that Vcp ^ Q. It follows from (2.4) and (3.2) in [StTl that [W, Op(G]}0 < 
Q. Hence, since W = [W,OP{G)]GwiGU, [W^p{G)]Z{T), we have W^ < Q. As Q = 
Q/Gq{Op{G)) ^ V/^{V), it follows that W and Q/W are natural 5L2(g)-modules. In particu- 
lar, [W, Vet)] ^ 1 and so W ^ W4>. Therefore, Q = Wljmj))^. This implies (e). For the proof 
of (f) assume V < Qcj). Then by (a), [V, V0] < [Q^, 1/0] < Cy(G)0 < Z(r)0 = Z(T). As 
V0 ^ g we have T = ((V0)^G(T)^g ^nd so [V, T] < Z{T), a contradiction to (d). This proves 
(f). □ 

6.2 The Baumann subgroup 

A useful subgroup while dealing with pushing up situations is the following: 

Definition 6.3. The subgroup 

B{G) = {Cp{n{Z{J{Pm : P e SylpiG)) 
is called the Baumann subgroup ofG. 

Often it is not possible to show immediately that G has the pushing up property. In many of these 
situations it helps to look at a subgroup X of G such that B{T) G Sylp{X) and to show that X 
has the pushing up property. Here one uses that B(T) is characteristic in T, so a characteristic 
subgroup of B(T) is also a characteristic subgroup of T. Usually one can then determine the 
structure of X and thus also of B{T). This often leads to T = B(T) < X, in which case also the 
p-structure of G is restricted. When using this method later, we will need the results stated below. 

Hypothesis 6.4. Let V < VL{Z{Op{G))) be a normal subgroup ofG such that 

• G/Gciy) ^ SL^iq), 

• V/Gv{G) is a natural S L2{q) -module for G/Cg{V), 

• Cg{V)/Op{G) is a p' -group and [V, J{T)] ^ 1. 

Lemma 6.5. Assume Hypothesis \6.4\ and suppose there is d E G such that G = {T,T'^). Then 
G = GGiV)B{G), n{Z{J{T)))V is normal in G, and B{T) e Sylp{B{G)). 
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Proof. Set Q := Op{G). Let A e A{T) such that [V,A] y^ 1. Then by Lemma [S^BTb) and 
Lemmalll \V/CviA)\ = \A/Ca{V)\ = qandV{AnQ) < J{Q) < JiT). In particular, 
T = J{T)Q and, since Cg{V)/Q is a p'-group, d{Z{J{T))) < Ct{V) = Q. Now W : = 
n{Z{J{T)))V < n{Z{J{Q))) and 

\W/CwiAT))\ = \VCwiJiT))/CwiAT))\ = |V/Cv(J(T))| = \V/CviT)\ = q. 

By assumption, we may choose deG such that G = (T, T^). Then for Xq := ( J(r), J(T)'^), we 
haveG = XqQ. Moreover, for S G ^(T"^), wehave V^(5ng) G ^(Q). So VT < (](Z(J(g))) < 
V{B n Q) and W = V{B n W^) is normalized by B. Hence, W is normal in J(r)'^ and thus also 
in G = XqQ. We get now 

\VCw{Xo)/Cw{Xo)\ < \W/Gw{Xo)\ 

< \W/CwiAT))\^ = q' = \V/GviXo)\ = \VGw{Xo)/Gw{Xo)\. 
Hence, we have equality above and therefore W = VCwiXo). 

Set Zo := G^ziJimiXo). AsW < J{T), we have Gw{Xo) < n{Z{J{T))). Thus, Gw{Xo) = 
Zo and W = VZq. Now Dedekind's Law implies fi(Z(J(T))) = Zo(fi(Z(J(T))) n V). So, 
using T = J{T)Q,we get B{T) = CriZo). Note that Zq is normal in G = QXq. Hence, X : = 
CciZo) < G. This yields B{T) =TnX e Sylp{X) and B(G') < X, so 5(T) G Sylp{B{G)). 
Since G = Q-^o = QB{G), this implies the assertion. D 

Lemma 6.6. Assume HypothesisM\ Then G = GGiV)B{G) and B(T) G Sylp{B{G)). 

Proof. SctW := n{Z {J {T))V and H := Op'{G). As G/Gg{V) ^ SL2(g), we can choose rf G G 
such that G = Gg{V)Hq, for i^o := (T, T'^). By LemmaO W <HomdG = Gg{V)B{Ho). 
In particular, W = VU{Z(J{T''-))). So, again by Lemma [631 (now applied with T'^ in place of T), 
W is normal in (f , T'^), for every f G Si//p(G) with TGcl^^) = TGciV). Hence, the arbitrary 
choice of d gives that W^ is normalized by every Sylow p-subgroup of G and therefore, 

W<H. 

Note that, as B{Ho) < B{G), we have B{G) = B{Hq)Gb{g){V) and G = Gg{V)B{G). 
Also observe that 5(G) = B{H) = {B{T)^) = (5(T)^(^)). In particular, [W,B{G)] < V. 
Hence, [W, Gb(g)(^); C'b(g)(^)] = 1^ and coprime action shows that Cb{g){V) < Cb(g)(^)Q- 
Therefore, we get 5(G) = 5(iJo)CB(G)(^) < HoGmoiW). So S(5o)Gb(g)(W^) is a nor- 
mal subgroup of B{G) containing B{T) and thus, B{G) = B{Ho)Gb{g){W). By LemmaO 
B{T) G Sy/p(5(i/o)). Hence, {T n B{G))Gb[g){W) = 5(T)Gb(g)(W^) and T n 5(G) < 
B[T)Ct{W) < B{T). This shows B{T) G ^y/p(5(G)). D 

7 Amalgams 

An amalgam ^ is a tuple (Gi, G2, 5, 0i, ^2) where Gi, G2 and B are groups and (f)i : B —^ Gi 
is a monomorphism for ? = 1,2. We write Gi *b G2 for the free product of Gi and G2 with B 
amalgamated. Note that we suppress here mention of the monomorphisms 0i and 02- We will 
usually identify Gi, G2 and B with their images in Gi *b G2. Then Gi fl G2 = B, and the 
monomorphisms 0i, 02 become inclusion maps. We will need the following lemma. 
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Lemma 7.1. Let G be a group such that G = (Gi, G2) for finite subgroups Gi, G2 of G. Set 
B = Gi n G2- For i = 1,2, let Ki be a set of right coset representatives of B in Gi and 
Li : B ^ Gi the inclusion map. By Gi *b G2 we mean the free amalgamated product with respect 
to (Gi, G2, B, 61, L2). Let g E G. Then g can be expressed in the form 

(*) g = bgi . . . gn where b E B, n E N, gi, . . . , gn E {Ki U K2)\B and, for every 1 < k < n 
andi G {1, 2}, gk+i e Ki if and only if g^ E K^_i. 

This expression is unique if and only ifG = Gi *b G2- 

Proof. As X := Gi *b G2 is the universal completion of (Gi, G2, B, li, L2), the group G is iso- 
morphic to a factor group of X modulo a normal subgroup A^ of X with A^nGi = A^nG2 = l. 
By (7.9) of Part I in HDGSI . every element g E X can be uniquely expressed in the form (*). This 
implies the assertion. D 

A triple (/3i, /32, 13) of group isomorphisms (3 : B ^ B and f3i : Gi ^ Gi, for i = 1, 2, is said 
to be an isomorphism from A to an amalgam B = (Gi, G2, G12, tpi, ^2), if the obvious diagram 
commutes, i.e. if (f)i(3i = f3il)i, for i = 1, 2. An automorphism of A is an isomorphism from A to 
A. The group of automorphisms of A will be denoted by Aut{A) . If 5 = Gi fl G2 and 0i , 02 are 
inclusion maps, then ai\B = en, for every automorphism (ai, a2, a) of A. 

A finite p-subgroup S* of a group G is called a Sylow p-subgroup of G, if every finite p-subgroup 
of G is conjugate to a subgroup of S. We write S E Sylp{G). We will use the following result, 
which is stated in this form in HCPH . A similar result was proved first in [Rob]. 



Theorem 7.2 (Robinson). Let (Gi, G2, B, (pi, 02) be an amalgam, and let G = Gi *b G2 be the 
corresponding free amalgamated product. Suppose there is S E Sylp{Gi) andT E Sylp{G2) H 
Sylp{B) with T < S. Then S E Sylp{G) and 

Fs{G) = {Fs{Gi),Ft{G2)). 
Proof See3.1in[lCPl|. D 



When we prove our classification result for p = 2 we will apply Theorem 17.21 and the following 
theorem in order to identify a subsystem of a given saturated fusion system F. 

Theorem 7.3. Let (Gi, G2, B, 0i, ^2) be an amalgam of finite groups Gi, G2 and G = Gi *b G2 
the corresponding free amalgamated product. Suppose the following hold for S E Syl2{Gi), 
Q := 02{G2) and M := J{G2). 

(i) NsiQ) E Syl2{G2) andGciQ) < Q < M. 

(ii) B = NgAQ) = Ng,{ANs{Q))). 

(Hi) |Gi : fi| = 2. 

(iv) M/Q = SL2{q) where q = 2'^ > 2, $(Q) = 1, and Q/Gq{M) is a natural SL2{q)-module 
forM/Q. 

(v) No non-trivial normal p-sub group of MNsiQ) is normal in Gi. 
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Then there exists a free normal subgroup NofG such that N (1 Gi = Ifor i = 1,2, H := G/N 
is finite, SN/N e SykiH) andF*{H) = Ls{q) or Sp^iq). 

We will prove Theorem 17.31 at the end of this section. For that we need one more definition and 
some preliminary results. 

Definition 7.4. Let G be a group with finite subgroups Gi and 6*2- Set B := GiH G2- 

• Let q be a power of p. The pair {Gi,G2) is called a weak BN-pair of G involving SL2{q) if 
for i = 1,2, there are normal subgroups G* ofGi such that the following properties hold: 

- G = (Gi, G2), 

- no non-trivial normal subgroup ofG is contained in B, 

- GgAOAG.)) < 0,{G,) < G*, 

- Gi = G*B, 

- G*nBisthenormalizerinG*ofaSylowp-subgroupofG*andG*/Op{Gi) = SL2{q). 

• If{Gi, G2) is a weak BN-pair ofG involving 5*^2 (g), and ii : B ^ Gi is the inclusion map 
for i = 1,2, then we call {Gi, G2, B, li, L2) the amalgam corresponding to (Gi, ^2). 

The main tool is the following Theorem. 

Theorem 7.5. Let {Gi, G2, B, (pi, 02) be an amalgam and G = Gi *b G2 be the corresponding 
free amalgamated product. Let q be a power of p. Suppose {Gi, G2) is a weak BN-pair of G 
involving SL2{q), and Op{Gi) is elementary abelian for i = 1,2. Then there is a free normal 
subgroup NofG such that GiH N = Ifor i = 1,2, H := G/N is finite, and F*{H) = L:^{q) or 
p = 2andF*{H) = Sp^iq). 

Proof. This is a consequence of Theorem A in HDGSI . D 

In the situation of Theorem 17. 5 1 it follows from the structure of Aut{L3{q)) and Aut{Sp4,{q)) that 
H embeds into TLs^q) respectively rSp4{q). Moreover, for i = 1,2 and G := G/N, F*{H) (iGl 
is a parabolic subgroup of F*(H) in the Lie theoretic sense, and B fl F*(H) is the normalizer of 
a Sylow j9-subgroup of F*{H). 

Lemma 7.6. Let G be a finite group such that for M = Op'{G), T G Sylp{M) and Q := Op{G) 
the following hold. 

(i) M/Q = SL2{q) and G/Q is isomorphic to a subgroup ofGL2{q),for some power q of p. 

(ii) G/Q acts faithfully on Q/Z{M), Q is elementary abelian, Q = [Q, M], \Q/Gq(T)\ = q, 
and Q/Z{M) is a natural S L2{q) -module for M/Q. 

(Hi) Z{G) = 1. 

Set A := Aut{G). Then Ga{Q) = Ga{Q/Z{M)) < Ga{G/Q) and Ga{Q) is an elementary 
abelian p-group. Moreover, GAiT) = Z(T)forT G SylpiG). 
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Proof. Set G = G/Z{M) and W := Ca(Q). Throughout this proof we will identify G with 
the group of inner automorphism of G. Note that this is possible by (iii). Observe that by (ii), 

[G,W] < Gg(Q) < Q. Hence, [M,W,Q] < [Q,Q] = 1. As [W,Q,M] = [Z{M),M] = 1 it 
follows from the Three-Subgroups Lemma that [Q, W] = [Q, M, W] = I. So we have shown 
that W = CAiQ) < Ga{G/Q). As [W,G] <Q< G{W) it follows from the Three-Subgroups 
Lemma that [W, W,G] = 1, i.e. [W, W] = 1 and W^ is abelian. Since [G, W,W] = I and 
[G, W] < Q is elementary abelian, we have [g, w^] = [g, w]p = 1 for every g E G and w E W . 
Hence 14^ is a group of exponent p and thus an elementary abelian p-group. 

Set now C := CAiM). Then G < W and so G is elementary abelian. Since G acts coprimely on 
G, by Maschke's Theorem there is a G-invariant complement Gq of Z{M) in G. Then [Co, G] < 

(C n G) n Co = Z{M) n Co = 1. Hence, Cq = 1 and C = Z{M). 

Set now Wo := QGwiT). Note that Wq is G-invariant as [W,G] < Q, and that, by (ii), 
\Wo/Gw{T)\ = \Q/Gq{T)\ = q. IfGwiT) ^ Q then \Wo/Z{M)\ > q^ and, for T ^ S E 
Sylp{G), \Z{M)\ < \GwiT) n GwiS)\ = |Cvk(M)|. This contradicts C = Z{M). Hence, 
GAiT) = Gw{T) = Gq{T) = Z{T). U 

Lemma 7.7. Let q > 2 be a power of 2 and G = L^{q) or Spi{q). Let (Gi, G2) be a weak BN- 
pair ofG involving SL2{q). Let B := GiH G2 and A be the amalgam corresponding to (Gi, G2). 
Then for every a E Aut{A) there exists f3 E Aut{G) such that a = (/3|Gi) /3|G2) /^I-b)- 



C Leti 


E {1,2}. Set 






T = 


= 0,(3), 






Q^ = 


-- Op(G,), 






M, = 


= 0^'(G,), 






A, = 


= {ai : (ai,a2 


,a) E Aut{A)] 


< Aut{G^ 


c, = 


= CAXQ^), 






Ao = 


-- NAut{G){T)r\NAut(G){Ql)- 





By the structure of G, (Gi, G2) is a pair of parabolics of G in the Lie theoretic sense, and B is the 
normalizer of a Sylow 2-subgroup. Moreover the following properties hold: 

(1) Mi/Qi = SL2{q) and Gi/Qi is isomorphic to a subgroup of GL2{q). 

(2) G, acts faithfully on Qi/Z{Mi), $(Q,) = 1, [Qi^M,] = Q„ |Q,/Cq,(T)| = q, and 
Qi/Z{Mi) is a natural S'L2(g) -module for Mi/Qi. 

(3) Z(G,) = 1 = Z{B). 

(4) TESyl,{G)sindB = NG{T). 

The automorphism group of G is generated by a graph automorphism and the elements of rL3(g) 
respectively TSp4{q). Therefore, we get the following property: 

(5) Ao < N{Q2) and A^/Q^ = NrGL,(q){f) forT E Syl2{GL2{q)), where we identify Q, with 
the inner automorphisms of G induced by Qi. 
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Properties (1) and (2) give in particular that Gi fulfills the hypothesis of Lemma 17.61 Hence, we 
have 

(6) a = CAXQi/Z{M,)) < C{G.-JQ,) and Q is a 2-group. 

(7) CaXT) = Z{T). 
Observe that the map 

(j) : Aq -^ Aut{A) defined by a i-)- (aid, aica? "|b) 

is well-defined and a monomorphism of groups. Recall that ai\B = a\B = ol2\b for (ai, 0^2, a) G 
Aut{A). Moreover, by (3) and (7), Ca^B) = 1 and CajI^) = 1- Hence, for i = 1, 2, the maps 

ijji : Aut{A) — )■ Ai defined by (ai, 0^2, a) i-)- ctj 

are isomorphisms of groups. In particular, it is therefore sufficient to show |yli| = \Aq\. Observe 
that, by (5), 

(8) A/CaAM^/Q^) = NAutiAumiT/Qi) forz = 1,2. 

Furthermore, since every element in C^. (Mi/Qi) acts on Qi/Z{M) as a scalar from EndM^ {Qi/Z{M)) 
GF{q), it follows from (2),(5) and (6) that 

(9) GAXM^/Qi)/G, ^ Cg-i for z = 1, 2. 

Hence, by (5), it is sufficient to show that \Gi\ < \Qi\. In order to prove that set G := Ci^]"V2- 
Note that ai^B = (aiV^rV2)|i? for every ai G Ai. Thus, [Qi, G] = 1 and [T, G] = [Q1Q2, G] < 
Q2. By (6), C ^ Ci is a 2-group. Hence, by (8), G < TGAAM2/Q2), and by (9), Gq := 
G n C(M2/g2) < C2. Thus, \G/Go\ < q and, by (7), Co < ^^2(^1^2) = Ga^T) = Z{T). So 
IC^il = IC*! < g ■ |2'(T)| = \Qi\. As argued above this proves the assertion. D 

Lemma 7.8. Let G be a group, let q > 2 be a power of 2, and let (Gi, G2) be a weak BN-pair 
ofG involving SL2{q). Let H be a finite group such that F*{H) = L^{q) or Spi{q) for a power 
q > 2 of 2. Let and ip be epimorphisms from G to H such that Gi fl kercj) = Gj fl kerip = Ifor 
i = 1,2. Then kercf) = kerip. 

Proof. Since GiDkercp = 1 for i = 1, 2, it is easy to check from Definition 17 . 41 that (Gi0, ^20) is a 
weak BN-pair of // involving SL2{q). Since H embeds into Aut{Li{q)) respectively Aut{Spi{q)), 
it follows from the structure of these groups that H embeds into rL3(g) respectively TSpi{q). 
Furthermore, 

{F*{H)nGi<p,F\H)nG2<p) 

is a pair of parabolic subgroups of F* (if ) in the Lie theoretic sense and a weak BN-pair of F* (H) 
involving SL2iq). Let G° be the preimage of F*{H) f] Gi(p in Gi for i = 1, 2. Then (G°, G°) is 
a weak BN-pair of G° = (G°, G°) involving SL2(g), and G°0 = F*{H). Moreover, for i = 1,2, 
G° is normal in Gi and Gi = G°B. Thus, G° is normal in G = {G°, B). Set now N := kercf) and 
G = G/{G° n N). Then_G°_£ F *{H),B = 50, and with Dedekind's Law B{G° n N) f] G° = 
{B n G°)(G° nN),soBnG^= BnG°. Moreover, B n G° = B n GiH G° = B n G° and so 
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BnG'' = BnG°^BnG°^{Bn G°)(t) = B(i)n G°(t) = B(t)n G^ n f*{h) = B<i)f\ f*{h), 

fori = 1, 2. Hence, 



Id = \G°B\ = \G°\\B/BnG°\ = \F*{H)\\B(j)/B(j)nF*{H)\ = \F*{H){B(j))\ = \H\, 

and so A^ < Go- The same holds with tjj instead of (p. Thus, we may assume without loss of 
generality that H = F*{H) = Ls^q) or Sp4{q). 

Then the weak BN-pairs of H are precisely the pairs of parabolic subgroups of H (in the Lie the- 
oretic sense) intersecting in the normalizer of a Sylow 2-subgroup. Now using [Cari Section 12.3] 
one sees that Aut{H) acts transitively on the weak BN-pairs of H. Therefore, we may assume 

that Gi(j) = Giip for i = 1,2. Then ((0|gJ" V; (0|G2)~ V; i4'\B)~^i^) is an automorphism of the 
amalgam corresponding to {Gi(p, G2<p)- Hence, by Lemma 17771 there is an automorphism a of H 
such that {(picj^^'ip = Oi\Gi for i = 1,2. This implies tjj = (pa and kertp = kercpa = kercp. D 

The proof of Theorem \7.3\ Let Gi, G2, B, S, Q, q and M be as in the hypothesis of Theorem 17 .31 

Set T := NsiQ). Let t E S\T and X := {G2, G\). As G^ = G2, X is normal in G = {t, G2). 

Let Ki be a set of right coset representatives of i? in G2. Then Kl is a set of right coset represen- 
tatives of B = B^ in G2. So, as Bt'^ = Bt, the set 

K2 := {tkt : ke Kl} 



is also a set of right coset representatives of i? in G2. Let 5^ G G. By Lemma ITTTI there exists 

b e B,n eN and gi, g2,---,9n^ (-^1 U K2)\B such that 

g = hgi...gn 

and, for all 1 < /c < n and i G {1, 2}, gk+i G Ki if and only if gt G -ft's-j. Since G = Gi *b G2 
and {t, 1} is a set of right coset representatives of 5 in Gi, it follows from Lemma ITTTI and the 
definition of K2 that this expression is unique. Hence, again by Lemma ITTl X = G2 *b Gg. 



Assume there h 1 ^ U < B such that U is normal in X. If f/ is a p-group then, as U is 
normal in G2 and Gg, it follows from Lemma IS!9l a) that f/ < Q fl Q* = Z{J(T)). Hence, as 
Q/Gq{M) and Q*/GQt(M*) are irreducible modules for M respectively M*, we have U < Uq := 
Gq{M) n Gq{MY. Since Uq is normal in MT and Gi = B{t), it follows from our assumptions 
that f/o = L Hence, U = 1, a contradiction. So U is not a p-group and, as U was arbitrary, also 
Op{U) = 1. Since J{T) is normal in B, it follows [U, J{T)] < Un J{T) < Op{U) = 1. In 
particular, U < GciiQ) < Q^ contradicting U not being a p-group. Hence, no non-trivial normal 
p-subgroup of X is contained in B. Thus, it is now easy to check that (G2, G2) is a weak BN-pair 
of X involving SL2{q). Hence, by Theorem 17. 5 [ there is a free normal subgroup X of X such that 
AT n G2 = 1 = X n G*, 'J[^=X/N is finite and F*(X) = L^) or Spi{q). One can check now 
from Definition 17.41 that (G2, Gg) is also a weak BN-pair of X. As X embeds into Aut{L^{q)) 
respectively Aut{Spii{q)), the structure of these groups yields T G Syl2{X). 

Define epimorphisms and ip from X to X via x<p = x and xip = x* for all x G X. Then it 
follows from Lemma IT^S] that X = kercp = kerip = X* ^. Hence, X is normal in G = X{t). 
Observe now that H := G/N is finite, and X has index 2 in H. So SN/N G SykiH) and 
F*{H) = F*(X) = Ls{q) or Sp^q). 
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8 Classification for p = 2 

Throughout this section let J-" be a fusion system on a finite 2-group S. 

Hypothesis 8.1. Assume every parabolic subsystem of J^ is constrained. Let Q E J^ such that Q 
is centric and fully normalized. Set T := Ns{Q) and M := J{G{Q)), and assume the following 
hold: 

(i) Q <M, M/Q = SL2{q)for some power q ofp, and Ct{M/Q) < Q. 

(ii) Q is elementary abelian and Q/Cq{M) is a natural S L2{q) -module for M/Q. 

(Hi) T < S and Ns{U) = T for every subgroup I y^ U < Q with U < MT. 

(iv) Ift G T\J(T) is an involution and (t) is fully centralized, then Cjr((t)) is constrained. 



Recall here from Notation 12.71 that, for every fully normalized subgroup P E T, G{P) denotes 
a model for Njr(P), provided Njr(P) is constrained. The aim of this section is to prove the 
following theorem. 



Theorem 8.2. Assume Hypothesis \8.1\ Then there is a finite group G containing S as a Sylow 
2-subgroup such that J-" = J^s{G) and one of the following holds: 

(a) S is dihedral of order at least 16, Q = G2 y< G2 and G = -^2(r) or PGL2{r), for some odd 
prime power r. 

(b) S is semidihedral, Q = G2 x G2 and G is an extension of L2{r'^) by an automorphism of 
order 2, for some odd prime power r. 

(c) S is semidihedral of order 16, Q = G2 y< C2 and G = -^3(8). 

(d) \S\ = 32, Q has order 8, and G = Aut{Ae) or Aut{L3{3)). 

(e) \S\ = 2'^ andG^Js. 

(f) F*{G) ^ L^{q) or Sp^iq), \0^{G) : F*{G)\ is odd and \G : 0\G)\ = 2. Moreover, if 
F*Ig) = Sp4{q) then g = 2^ where e is odd. 

Recall Notation |2. II and Notation 12.31 which we will use frequently in this section. Moreover, to 
ease notation we set 

A{P) := Aut^{P), for every P e T. 

8.1 Preliminary results 

We start with some group theoretical results. For Lemma [83] -Lemma l8.7l let G be a finite group. 

Lemma 8.3. Let S G Syl2{G), T := J{S) andt G S\T. Assume the following hold. 
(i) \S:T\= 2. 
(ii) A < Z(S)for every elementary abelian subgroup A ofT with Gs{A) ^ T. 



MINIMAL FUSION SYSTEMS WITH A UNIQUE MAXIMAL PARABOLIC 25 

(in) Z{S) < T, Z(T) is elementary abelian, and \Z(T)/Z{S)\ > 2. 

(iv) Z{T){t) ^ T^foranyg E G. 

Then t ^ T^ for any g E G. 

Proof. Set Z := Z{T). Assume there exists g E G such that t E T^ and choose this element g 
such that \Z{S) fl T^| is maximal. We show first 

(1) Z^ < T for all X G G with Z^ < S. 

For the proof assume there is x E G such that Z^ < S and Z^ ^ T. Then by (ii) and (iii), 

Z'-'nT < Z{S) and so \Z/Z{S)\ < \Z/{Z^ n T)| = |Z^/(Z^- n T)| = 2, a contradiction to (iii). 
This shows (1). Set 

Z* := {Z{S) n T^){t) and A^ := NaiZ*). 

LethEG such that Z n iV < A^ n ^'^ G SykiN). Note that t E Z* < Op{N) < S''. We show 
next 

(2) t E T^. 

For the proof assume t ^ T''. As Z* < T^, we have [Z\ Z^] = 1. Therefore, since GG{Z*)nS'' E 
SyhiGaiZ*)), there exists c G GdZ*) such that Z^^ < S^\ Now by (1), Z^" < T^. Note that 
[Z^^ t] = 1, so by (ii), Z^^ < Z{S)'', a contradiction to (iii). This shows (2). 

In particular, by (iv), Z ^ T^ and so, by (1), Z ^ S^. Thus, the choice of h gives Z ^ N . 'Qy 
(i), S = T{t) mdt^ E T. So [Z,T] = 1 implies [Z,S] = [Z,t] < Gzif) < Z{S). Hence, if 
Z{S) < T9 then Z{S) < Z* and so [Z, Z*] < [Z, S] < Z{S) < Z\ contradicting Z ^N. This 
proves 

(3) Z{S) ^ T3. 

Because of the maximality of \Z{S) fl T^|, properties (2) and (3) give now Z{S) ^ T^. Note 
that Z{S) < Z nN < S^ and so S''' = T^Z{S). Thus, Z f] N = Z{S){Z f] N f] T^). 
Moreover as Z{S) ^ T^, (ii) and t E S^ imply Z nN r\T^ < Z{Sf < Gait). Therefore, 
ZnN < Gzit) = Z{S), and so Z n iV = Z{S). Hence, for z E Z\Z{S), we have z ^ N 
and so [z,t] ^ Z{S) n T^. As [Z,t] < Z{S), this gives [Z,t] n T^ = 1. Hence, \Z/Z{S)\ = 
\Z/Gz{t)\ = \[Z,t]\ = \[Z,t]T9/Ts\ < \Z{S)/Z{S)r]T9\. Now the maximality of |Z(S) n T^l 
yields \Z/Z{S)\ < \Z{S)/Z{S) n T''\ = \S^/T''\ = 2, a contradiction to (iii). This proves the 
assertion. D 

Corollary 8.4. Let S E Syl2{G). Let T be a subgroup of S such that 

(i) T is elementary abelian and 15* : T| =2. 

(ii) \Gt{S)\'' = \T\. 

Then T is strongly closed in J^siG) or\T\ =4. 



Proof. This is a direct consequence of Lemma [831 D 
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Lemma 8.5. Let S e SykiG), T < S and K < Ng{T) such that for Z := Z{T) the following 
hold. 

(i) \S:T\ =2and\Z/Cz{S)\ =2. 

(ii) \K\ is odd and K acts irreducibly on Z/Cz{K). 

(Hi) Cz{K) n Cz{S) = 1. 

Then \Z\ = 4. 

Proof Without loss of generality assume G = Ng{Z). Set G = G/Gg{Z). Then \S\ =2 and_by 
Cayley's Theorem there is a normal subgroup U of G such that \U\ has odd order and G = SU. 
Set i? := [S, U].l{R=l then [K,S] = 1 and GziK) is 5-invariant. Hence, by (iii), GziK) = 1 
and by (ii), [Z, S] = 1, a contradiction to (i). Thus I ^ R < Rq = (S^). If 02(i?o) ^ 1 then 
S = 02{Ro) is normal in G and R = 1, a contradiction. Thus, 02{Ro) = 1- With a Theorem of 
Glauberman jKSl 9.3.7] it follows from (i) that Rq = S-^ and \Z/CziRo)\ = 4. In particular, for 
D:=OP{R),\D\ =_3,\[Z,D]\ = \[Z,R]\ = A and Gz{D) = Cz{R) = Gz{Ro) < Cz(5). Since 
R is normal in G, K acts on R. So, as K has odd order, [D, K] = 1. Since G[z,d\{S) ^ 1, (iii) 
yields \Z, D] ^ Gz{K). As D acts irreducibly on [Z, D], we have then [Z, D] n Gz{,K) = 1 and 
so [CziK),D] = 1. Hence, GziK) < Gz{D) < GziS) and by (iii), GziK) = 1. So, by (ii), 
Z = [Z, D] has order 4. D 

We will refer to the following lemma which is elementary to check. 

Lemma 8.6. Assume one of the following holds: 

(a) G^Ds,G^G4xG2,G^DsxG2orG^G4* D^. 

(b) There are subgroups V, K ofG such that G = KKV,Ky^lis cyclic of order at most 4, 
V is elementary abelian of order at most 2^ and [V, K] ^ 1. 

Then Aut{G) is a 2-group. 

Lemma 8.7. Suppose G = ^3(4) or 5^4(4). Let S G Syl2{Aut{G)) and identify G with its group 
of inner automorphisms. Lett G S\G be a field automorphism of G and G s{t) < P < S. Then 
Aut{P) is a 2-group. 

Proof Let Q G A{S). Set T := Ns{Q) and Z := Z{J{S)). It follows from the structure of 
Aut{G) that J{S) G Sylp{G), T = J(5)(t), \S/J{S)\ = 4 and 5 = J{S)Gsit). Furthermore, if 
G = -^3(4), we may choose an involution s G Gs(t)\T such that [Z,s] = 1. If G = S'p4(4), then 
it follows from [Car, Section 12.3], that S/J{S) is cyclic and we can pick s G Gsit)\T such that 
s^ = t. In both cases, we set 

M := QP'iNciQ)), W := Ggit) and Zq := Z n P. 

By the structure of G, M /Q = SL2{q), Q/Gq{M) is a natural 5^2 (g) -module, and in the case 
G = Spi{q), Q is the 3-dimensional orthogonal module. Together with Lemma [S!9l this gives the 
following property: 
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(1) For every x e S\T, we have A{S) = {Q, Q^}, Z = QnQ^ = [Q, Q% and every elementary 
abelian subgroup of J{S) is contained in Q or Q^. 

The Structure of Aut{G) gives also CM(t)/W = S3 and [W, Ca^ (t)] is a natural ^s-module for 
CM(t)/W. Furthermore, 

(2) \Z{S)\ = 2 and Z{S) = [W, W']. 

In particular, ifQ = {QnP)Z then Q' = (Q" n P)Z and Z =[Q, Q'] < P. Hence, Q < P and 
soS = {QQ')Cs{t) < P, a contradiction. As \Q : (H^Z)| = 2, this shows 

(3) P n g = VrZo and P n Q^ = VT^Zo. 

Assume now the assertion is wrong. Pick a non-trivial element a G Aut{P) of odd order. We 
show next 

(4) Csit)<P. 

Assume P = Cs(t). Then n{Z{P)) < Cs{W) < T and, by (1), n{Z{P)) n J{S) < Cz{P) = 
Z{S). Hence, n{Z{P)) = Z{S){t). In particular, P/fi(Z(P)) ^ Dg if G ^ 1.3(4), and 
P/n{Z{P)) ^ Ds X C2 if G ^ 5^4(4). Hence, Lemma [S3] gives [P,a] < n{Z{P)). More- 
over, by (2), \Z{S)\ = 2 and Z{S) = [W, W] < P' < J(5), so Z{S) = fi(Z(P)) nP'. Coprime 
action shows now [P, a] = 1, a contradiction. Thus, (4) holds. We show next 

(5) Cz{t) < Zo. 

If Zo = Czit) then (3), (4) and S = J{S)Cs{t) imply J{S) = (P n J{S))Q. Recall that 
Q/Cq(M) is a natural 5L2(4)-module for M/Q,J(5) G %/p(M) and Z/Cq(M) = CQ/Cp(Af)(J(5)). 
Hence, [W, P n J(5)] < P n J(5)' = P n Z = Zq. Furthermore, as VT ^ Z and J{S) = 
(Pn J(5))Q, also [W, Pn J(5)]Cq(M) = [ly, J(5)]Cq(M) = Z and so [W, Pn J(5)] ^ Cz(t). 
Thus, Zq ^ Czit), contradicting our assumption. Therefore, (5) holds. Since n(Z(P)) < 
Cs{W) < T, (5) gives in particular that n{Z{P)) < J{S). Hence, (1) implies n{Z{P)) < 
Cz{P) = ZiS).So,hy{2), 

(6) niziP)) = ZiS). 
We show next 

(7) Zoa ^ Zq. 



Assume Z^a = Zq and set P = P/Zq. Then J{S) fl P is elementary abelian of order at most 
2^. For G = Spii^A) we get [P, «] = 1 as an immediate consequence of Lemma 18.61 For 
G ^ Ls jA) note that, by (5), Cp{Zo) =_ {J{S) n P){s) has index 2 in P and, by Lemma [Ml 
[Cp{Zo), a] = 1. Hence, in both cases [P, a] = 1 and so coprime action gives [Zq, a] 7^ 1. Now 
(6) yields G ^ 5^4 (4). Therefore, Czit) = Z{n{P))n Zo is a-invariant. Now, by (2) and (6), in 
the series 

1 ^ ZiS) = niZiP)) < Czit) < Czit)[Zo,P] < Zo 

every factor has order at most 2. Hence, [Zq, a] = I, a contradiction. This shows (7). We prove 
next 
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(8) T = J{S){Zoa) and [Zq, Z^a] ^ 1. 

Note that Z^a is an elementary abelian normal subgroup of P. Hence, by (1), {Zqq) fl ^(5*) < Zq 
and so, by (7), Z^a ^ J{S). Moreover, [P n Q, Z^a] < J{S) n (Zoa) < Zq < P n Q and so, 
again hy (l), Zqo <T as Q n P ^ Z. This shows T = J(5)(Zoa) and (8) follows from (5). 

Set now P* := P if G ^ ^3(4), and P* := fi(P) if G = ^P4(4). We show next 

(9) P* n J{S) = Cjis){t)Zo and \Zo : Cz{t)\ = 2. 

Set U := Cp*{Zo) and observe that \P* : U\ = 2. Hence, also \P* : {Ua)\ = 2 and |(P*n J(5)) : 
(7(5) n (f/a))| < 2. By the structure of Aut{G), we have |Gj(cj)(m)| < |Gj(5)(t)|, for every 
involution u e T\J{S). Hence, by (8), \J{S) n (f/a)| < |Gj(5)(t)|. Now (9) follows from (5). 
We show next 

(10) G ^ Sp^{4). 

Assume G ^ ^3(4). Then, by (9), P = Gsit)Z. By (2) and (6), [Z{S), a] = 1. Observe 

P := P/^(5) = {W,s) X {t)xZ = DsxG2X G2, 



P* := {Z, t) = Ds, and Z(P) = P'P ^ G2 x G2 x G2. So P'P is characteristic in P. Furthermore, 
by (2), Z{S) = [W, W] < P', and so we have P^ G4, P_n P' = Z{S) and P'P = G4 * Pg- 
Hence, by Lemma [831 [P'D, a] = 1. Moreover, P'D = Z{P) has index 2 in 

(x G P : o(a;) = 4) = G4 x G2 x G2 

and hence, [P, a] = 1. This shows (10). We show next 

(11) Gz{t)a = Gz{t). 

Note that, by (1) and (8), Z^ n {Zqo) = (Zoa) n J{S) < Gz{Z^a) = Gz{t) and \Zq/{Zq n 
{Zqo))] = 2. Hence, by (5), Zq fl (Zoa) = Gz{t). The same holds with a^ in place of a, so 
Zo n (Zoa2) = Gzit). Hence, Gz(t) < (Zo«) n (Zga^) and, as |Gz(t)| = \{Z^a) n (Zoa^)], we 
have Gz{t) = (Zoa) n (Zoa^) = (Zq n (Zoa))a = Gz{t)a. This shows (11). 

We now derive the final contradiction. Set P := P/Gzit). If \Pr\J{S)\ < 2^, then by 
Lemma [8^ AMt(P) is a 2-group and (11) implies [P, a] = 1, a contradiction. Therefore, 

\p7u{S)\ > 2^ and so, by (9), (P n J(S))g = J{S). Hence, [M/,P n J(^)] ^ Gz(t) and, 
again by (9), Zq = (P' n Z)Gzit). As P' < J(^) it follows from (1) that n(Z(P')) = ZnP'. 
Now (11) yields a contradiction to (7). D 

Lemma 8.8. Assume Hypothesis \8. 1\ Then \Q\ < q^. 

Proof. By Hypothesis I8.ir iii). we can choose t E Ns(T)\T such that t^ G T, and have then 
[/ := Gq{M) n Gq(M)* = 1. So, as Q/Cq{M) is a natural 5L2(g)-module for M/g, 

\Gq{M)\ = \GQ{My/U\ = \Gq{MYGq{M)/Gq{M)\ < \Z{J{T))/Gq{M)\ < q 

and \Q\ < gl D 
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Lemma 8.9. Assume Hypothesis\8J\ Ifq>2or\Q\>A then J{T) = J{S) and \S -.T] =2. 

Proof. This is a direct consequence of Lemma l5.10r b).(c). D 

In the next proof and throughout this section we will use the well-known fact that a 2-group S is 
dihedral or semidihedral if it contains a subgroup V such that V = C2 x C2 and CsiV) < V. 

Lemma 8.10. Assume Hypothesis\8J\and T = J{T). Let \Q\ > A and P E J^\{{T} U Q^) be 
essential in T. Then the following hold. 

(a) P -^ T and P (IT is not A{P) -invariant. 

(b) n{Z{P))r\T = Z{S). 

(c) P is not elementary abelian. 

(d) IfZ{S) is A{P) -invariant then Z{T) < P. 

Proof Recall that by Lemma [8^ |5 : T| = 2. Let t G S\T. Assume P n T is A (P) -invariant. 
If P < T then, as P is centric, Z{T) < P. Since P is centric, Q is abelian and P ^ Q^, 
we have P ^ g and P ^ Q*. So by Lemma [H n{Z{P)) < Cq{P) = Cqt^P) = Z{T). 
Thus, Z{T) = fi(^(P)) is v4(P) -invariant. If P ^ T then we may take t G P, so again by 
Lemma \5M Vt{Z{P n T)) = Z{T) n P. So in any case, Z{T) n P is A (P) -invariant. Set 
X := ((Tp)^(-P)). As T is normal in S, [P, NriP)] < P n T, so as P n T is A (P) -invariant, 
[P,X] < Pnr. Then[Pnr,iVT(P)] < Pn[r,r] = Z (T) n P, so as Z(r)n Pis a (P) -invariant, 
[P n T,X] < Z{T) n p. Similarly, [Z{T) nP,X] = 1. Hence, X is a normal 2-subgroup of 
A{P). Since P is essential, this yields Tp < X < Inn{P) and T < P, a contradiction to P ^ T. 
This shows (a). In particular, S = TP and, by Lemma[52l ^{Z{P)) n T < Z{S). Since P is 
centric and Z(S) is elementary abelian, this shows (b). 

For the proof of (d) assume that Z(S) is A (P) -invariant. As \S : T\ = 2, S acts quadrat- 
ically on Z{T) and so [Z{T),P] < Z{S). Hence, [P,Y] < Z{S) and [Z{S),Y] = 1 for 
Y := {{Z{T)p) ' ■*). Therefore, F is a normal 2-subgroup of A{P) and, as P is essential, 
we get Y < Inn{P) and Z{T) < P. This shows (d). 

Assume now P is elementary abelian. Since \Q\ > A, S is not dihedral or semidihedral and hence, 

(1) |P|>4. 

By (b), P n T = Z{S). Hence, 

(2) \P/CpiSp)\ = \P/ZiS)\ = 2. 

Moreover, by Hypothesis [Mtiii), P n Cq{M) = 1. Thus, |P n T] < q and so |P| < 2 ■ q. In 
particular, by (1), 

(3) q>2. 

Since P is essential, A(P) has a strongly 2-embedded subgroup. So there exists (p G A{P) 
such that Sp n Sp(j)* = 1. Set L = (5p,5p0*). Then, by (2), P := P/Cp{L) has order 4 
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and L/Cl{P) = S3. Observe that Cl{P) is a normal 2-subgroup of L and thus contained in 
Sp n 5p0* = 1. Hence, L = S3 and \Ns{P) : P| = \Sp\ = 2. As [Z{T),P] < Z{S), we have 
Z{T) < Ns{P). Therefore, \Z{T)/Z{S)\ = \Z{T)/Z{T) n P| < 2. As |5 : T| = 2 and T = 
QQ\ q = \Ct/z(t){S)\. Thus, if Z(r) = Z{S) then q = \Ct/z[s){S)\ < \Nt{P)/Z{S)\ < 2, 
a contradiction to (3). Hence, \Z{T)/Z{S)\ = 2. So by (3), G = G{T) fulfills the Hypothesis 
of Lemma [831 for a subgroup K of Ng{x){Q) such that l^l = q — \ and Autx^Q) is a Cartan 
subgroup of AMtM(Q)- Hence, Lemma [83] yields q < \Z{T)\ = 4. Thus, |Z(5)| = 2 and (2) 
yields a contradiction to (1). This shows (c). D 

8.2 The case q = 2 

Throughout this section assume Hypothesis l8.1l and q = 2. Note that T/Q embeds into Aut{M/Q) '-- 
Aut{SL2{q)) and, by Lemma[19l J{T) e SykiM). Therefore, T = J{T) e Syh{M). 

Lemma 8.11. Assume \Q\ = A and let P be essential in J^. If P is not a fours group, then P is 
quaternion of order 8, A{P) = Aut{P), and S is semidihedral of order 16. 

Proof. It follows from |(5| = 4 that S is dihedral or semidihedral. Let X < S* be cyclic of index 
2. As Aut{P) is not a 2-group, P ^ X and PnX is not characteristic in P. Assume now P is not 
a fours group. Then |P fl X| = A, S is semidihedral, P is quaternion of order 8, Z(P) = Z(S) 
and A{P) = Aut{P) = S4. In particular, N^iP) is a subsystem of Af := N^{Z{S)) and P is 
essential in J\f. By Hvpothesis l8.1l J\f is constrained and so Z{S) < Op{J\f). Now it follows from 
Lemma [2. 14! that P = Op{J\f). In particular, P is normal in S and thus S has order 16. D 

Lemma 8.12. Assume \Q\ = 4. Then there exists a finite group G such that S G Sylp{G), 
T = J^s{G) and one of the following holds. 

(a) S is dihedral and G = PGL2{r) or L2{r)for an odd prime power r. 

(b) S is semidihedral and, for some odd prime power r, G is an extension o/L2(r^) by an 
automorphism of order 2. 

(c) S is semidihedral or order 16 and G = -^3(8). 

Proof. Recall that S is dihedral or semidihedral. Note that A(S) = Inn{S) since S has no 
automorphisms of odd order. By Lemma [8. Ill A{P) = Aut(P) for every essential subgroup P 
of J-', and either every essential subgroup of J-" is a fours group, or S is semidihedral of order 16 
and the only essential subgroup of S that is not a fours group is the quaternion subgroup of S of 
order 8. If 5* is dihedral then there are two conjugacy classes of subgroups of S that are fours 
groups, and they are conjugate under Atit(S). By Remark [2.161 if J-' has only one conjugacy 
class of essential subgroups then J^ is isomorphic to the 2-fusion system of PGL2{r), and if T 
has two conjugacy classes of essential subgroups then J^ is isomorphic to the 2-fusion system of 
L2 (r) , in both cases for some odd prime power r . Let now S be semidihedral. Then S has only one 
conjugacy class of fours groups. Recall that there is always an odd prime power r and an extension 
H of L2(r^) by an automorphism of order 2 that has semidihedral Sylow 2-subgroups of order l^l. 
If the fours groups are the only essential subgroups in J' then it follows from Remark [2. 16! that T 
is isomorphic to the 2-fusion system of H. Otherwise, it follows from the above and Remark [2.16l 
that J' is isomorphic to the 2-fusion system of ^3(8). D 
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Lemma 8.13. Assume \Q\ > 4. 

(a) \Q\ =8,M = G{Q) ^ ^4 x C2 and Z{S) = <I>(T) < [Q, M]. 

(b) Let u G [Q, M]\Z{S) and 1 7^ c G Cq{M). Then there exists an element y G S\T of order 
8 such that y'^ = y^^, y^ = y^ and S = (c, u) k {y). In particular, S is uniquely determined 
up to isomorphism. 

Proof. It follows from Lemma [U] that \Q\ = 8. Hence, M = G{Q) = S4 x C2. In particular, 
T = DsxC2 and so |$(T)| = 2. Now Hypothesis [Mliii) implies Z{S) = $(T). In particular, 

Z{S) < [Q, M]. This shows (a). 

Recall that by Lemma [8:91 \S : T\ = 2. Set S = S/Z{T) and C = Cq{M). Note that T is 
elementary abelian, and S is non-abelian, since Q is not normal in S. In particular, there exists an 
element y G S\T such that y has order 4. Then y^ G Z{T), and S = T{y) implies y^ G Z{S). If 
y"^ = 1 then ?/^ G T is an involution and, by Lemma [5]9l y'^ = [y'^Y & Q H Q^ = Z(T), so ^ has 
order 2, a contradiction. Therefore, y'^ is an involution and y has order 8. 

Since Z{T) is normal in S and [Z(T),|/^] = 1, y acts quadratically on Z{T). Hence, [C,y] < 
[ZiT),y] < Cz{T){,y) = Z{S) = {y^), so {y) is normalized by C. By Hypothesis 0:111), 
[C, y] y^ 1. Now [y"^, C] = 1 implies y^ = y^. Set A^ := {y)C. Observe that (y) and (yc) are the 
only cyclic subgroups of A^ of order 8. Moreover, 15* : A^| =2 and so N is normal in S. Hence, u 
acts on A^ and either normalizes (y) or swaps (y) and {yc) . 

Assume first y" G {yc) = {y'^) U {y'^)yc. Since y" ^T,y^ = y^c for some i G {1, 3, 5, 7}. Then 
y"^ 7^ {y'^Y = {y^Y = (l/*c)^ = y'^iy'^Y = y'^iy^'Y = y^'y^'' = y^^ implies i g {1,5}. Hence, 
\y,'u\ = y^^y"^ G (i/^)c = Z{S)c < Q and Q is normalized by y, a contradiction. Thus, {y) is 
normal in S and 5" is the semidirect product of (c, m) and {y). Since [y^, m] 7^ 1, y" G {y^^, y^}. 
If y" = y^ then (yc)" = y^c = (yc)^^ and (yc)'^ = y^c = {yy^Yy^ = (yy'^Yy^ = (z/c)^, so we 
may in this case replace y by yc and assume y" = y^^. This shows (b). D 

Lemma 8.14. Assume \Q\ > 4. Then there exists a finite group G such that S G Sylp{G), 
T = J^siG) and G ^ Aut{Ae) or Aut{L3{3)). 

Proof. Let G be a finite group isomorphic to Aut{AQ) or -^3(8), 5* G Syl2{G), Q G ^(5*) and 
J- = J'^(G). Then by the structure of G, Q is essential in J" and M := NdQ) = C2 x 5*4. By 
Lemma [8.13[ there is a group isomorphism a : S ^ S such that Qa = Q and [Q, M]a = [Q, M]. 
This implies a^^A{Q)a = Aut-p{Qa). 

Assume first G = Aut{AQ) and observe that Q-^ is the only essential class in J^. Therefore, if Q-^ 
is the only essential class in J^, then it follows from Remark [2. 161 that T = T . 

Therefore, we may assume from now on that there is an essential subgroup P G F\Q-'^ . By 
Lemma lS^Ql |^(T)| = 2andQ G A{T). Hence, every automorphism of T of odd order normalizes 
Q. Thus, Lemma [8.13r a) implies that Autjr{T) is a 2-group and thus P ^ T. Therefore, it follows 
from Lemma [8. 101 that P ^ T and P is not elementary abelian. In particular, as jS : T| = 2 by 
Lemma [8^91 we have S = TP. We first show 

(1) Z{T) < P. 
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By Lemma lOOl fd). it is sufficient to show that Z{S) = n{Z{P)). By Lemma lOOT b). we may 
assume that fi(^(P)) ^ T. As P is not elementary abelian and |5 : T| = 2, P n T ^ Z{S). By 
Lemma[5:9l we have QnP < Cn(n(Z(P))) = Z{S). So |PnT| = 4 and P is dihedral of order 
8. Then A(P) is 2-group contradicting P being essential. This shows (1). 

By Lemma [8J31 we can choose y e S\T, 1 ^ c E Cq{M) and u e [Q,M]\Z{S) such that 
o{y) = 8, y^ = y^ and y" = y^^. Since A(P) is not a 2-group, P is not dihedral of order 8 and 
so P n T ^ Z{T). By (1), Z{T) < P.lfQ < P then, as P ^ T, T = J{T) < P and S = P, 
a contradiction. Hence, |P fl T| = 8, fi(P fl T) = Z{T), and there is an element of order 4 in 
PnT. AsT = {y^, c, m) ^ Dg X C2, this gives 

P nT = Z{T){y^) = icy') = (y^y^c) = {a eT : o(a) = 4). 

By Lemma lS.lOr a). P fl T is not A (P) -invariant. So, as the elements in P fl T have order at most 
4, there is an element x G P\T of order at most 4. As |P/(P n T) | = 2 we have P = (PnT) (x). 
Moreover, by Lemma [S!9l x^ G Z(T). So Z(T){x) is dihedral of order 8 and we may assume 
o(x) = 4. Set t := uc and note that y* = y^. An easy calculation shows that the elements in S\T 
of order 4 are precisely the elements of the form yH for some odd integer i. Hence, P = (y^ , c, yt) 
and we may assume x = yt. Moreover, this shows 

(2) P={aeS : o{a) = 4) 

In particular, the arbitrary choice of P yields 

(3) P is the only essential subgroup of J-' in J'\Q-^. 

Note that {y'^cY = {y'^d^Y = {yy'^cY = {y^cY = y'^c and so [x, y'^c] = 1. Moreover, as [?/^, c] = 1 
and [y'^,t] 7^ 1, we have [y'^c^y'^] = 1 and [y'^,x] ^ \. Also observe o{y^) = 2, {y'^cY = y^ = 
{y'^Y ^iid x"^ = yy^ = y'^. Hence, {y'^,x) = Qs and P = {y^,x){y'^c) = Qs * C4^. In particular, 
Aut(P) / Inn{P) = S3 X C2 and, as A{P) / Inn{P) has a strongly 2-embedded subgroup, the 
following property holds: 

(4) P = Q8* C4, A{P) = 0\Aut{P))Sp and A{P)/Inn{P) = S3. 



Let now G, S, Q, T and a be as above and assume G = Aut{L3{3)). Then Hypothesis [87T] is 
fulfilled with J^ in place of J^. Moreover, 

P={aeS: o{a) = 4) = Qg * ^^4 

is essential in J^. So (3) and (4) applied to J^ instead of J-" give that Autp{P) = 0'^{Aut{P))Sp, 
and P is the only essential subgroup of P in J'\Q-^. It follows from (2) and (3) that P is the only 
essential subgroup of J^ in J'\Q-^, and that Pa = P. By (4), a^^A(P)a = Aut-p(Pa) and so by 
Remark [2. 16[ a is an isomorphism from J^ to J^. This shows the assertion. D 

8.3 The case g > 4 



Throughout this section assume Hypothesis [87T] and g > 4. 

Set Gi = GiJ{T)), G2 = GiQ), M = 7(^2) and To := {N^iJiT)), NAQ))- 
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We will use from now on without reference that, by Lemma [5]9] and Lemma [8^ JiS) = J{T) e 
SykiM) and \S/T\ = 2. In particular, N^{J{T)) is parabolic, so by Hypothesis [Q N^{J{T)) 
is constrained and Gi is well-defined. Moreover, J^q is a fusion system on S, and S E Syl2{Gi). 

Lemma 8.15. There is an isomorphism (pfrom Nqj^ (Q) to Ng2 {J{T)) such that is the identity on 
T. IfX = Gi*]\f^ (Q)^2 is the free amalgamated product with respect to A= (Gi, G2, A^Gi {Q),id, 0), 
thenJ'o = {MG\),J'siG2))=MX). 

Proof. Observethat AT := MNgAQ)) = iViv^(j(T))(Q) = iV^^(Q)(J(T)) = J^t{Ng,{J{T))). 
Also note that, as Q is fully normalized in T, Q is fully normalized in Njr(J(T)), so J\f is 
saturated. Moreover, Ng2{J{T)) has characteristic 2, since G2 has characteristic 2. Let x E 
Cg,(J(T)) be of odd order. As |5 : T| = 2 and T/J{T) is cyclic, we have [02(Gi),x] = 
[02{Gi),x,x] < [J{T) n 02(Gi),x] = L Hence, x < GgA02{Gi)) < 03(^1) and x = 1. 
This proves Ggi{J{T)) < 02{Gi), and Ng^{Q) has characteristic 2. Therefore, Ngi{Q) and 
A^G2(J(T)) are models for A^. Hence, by Theorem 12. 6[ there exists an isomorphism (p between 
these two groups that is the identity on T. Now the assertion follows from Theorem 17 .21 and the 
definitions of Gi, G2 and J'q. D 

Lemma 8.16. There exists a finite group G with S E Syl2{G) such that J-q = J^siG) and 
F*{G)^L^{q)orSp,{q). 

Proof. Let X be as in Lemma [8.15[ By Theorem 17. 3 [ there is a free normal subgroup A^ of X such 
that NnGi = l = N^G2,X:= X/N is finite, S E SykiX), and F*(X) ^ L^iq) or Sp^iq). 
It is elementary to check that the natural epimorphism from S* to S* is an isomorphism from Tq 
to a subsystem J^i of J^s{X) containing J'g^Gi) and F-g{G2)- By the structure of Aut{F*{X)), 
J^s{X) is generated by J'-g{Gi) and T-g{G2). This implies J^i = J^-s{X) and thus the assertion. 

D 

Lemma 8.17. T = J{T) = J{S). 

Proof Set Z := Z{J{S)) and let G be a finite group such that S E SykiG), J'o = J'siG) and 
F*{G) = L^{q) or Spi{q). Note that G exists by l8.16[ By the structure of Aut{L3{q)) respectively 
Aut{Sp4{q)) and by Lemma |5^ the following properties hold: 

(1) J{S) = J(T) E Syl2{F*{G)), and Ns{P) = T for all P E A{S). 

(2) A{S) = {g, Q^} and Q n Q^' = Z for all x E S\T. 

(3) Every elementary abelian subgroup of J{T) is contained in an element of A{S). 

Assume the assertion is wrong. Then we can pick t E T\J{T) corresponding to a field automor- 
phism of F*(G). In particular, there is go ^ Nsuchthatgg = gandGi?*(G)(t) = -^3(^0) or 5^4 (go)- 
If F*{G) ^ Ls{q) then, by the structure of Aut(L3(g)), S = Gsit)J{T). If F*{G) ^ Sp^iq) 
then, by [Car, Section 12.3], we can choose s E S\T such that S = J(S')(s), J{S) n (s) = 1 and 
t E (s). In both cases, set 

W := Ggit), L := 0^\NF,(^G)iW) H Gf^^gM and L* := L{Gs{t) H Ns{W)). 

The structure oi Aut{L'i{q)), Aut{SpA{q)), L^l^qo) and Sp4{qo) gives also the following properties: 
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(4) L/W ^ SL2{qo), and W/Cw{L) is a natural 5^2 (go) -module for L/W. 

(5) CsiW) n Cs(t) = ly (t) and L*/Cl' {W) embeds into the automorphism group of 

LCl*{W)ICl'{W) ^ L/W ^ SL^iqo). 
In particular, 02(L7CL.(iy)) = 1. 

(6) Z{S) n Cw{L) = 1. 

(7) \Ca{x)\ < \W\ for every A e A{T) and every x e T\J{T). 

(8) For every involution u G T\J{T) we have \Cj(^T)iu)\ < |Cj(T)(t)|. 

Let R G AiT)\{Q} and set W := Cji^t). Note that the situation is symmetric in Q and R. 
Moreover, Cj(s){t) = WW and A{Cj^s){t)) = {W, W}. Hence, (4) and LemmaEJgive 

(9) \W/W nW\ = \W/W r]W\=qo,Wr\W = Cw{W) = Cw{a) = Cy^,{W) = Cy^{b) for 
all a G W\W, b G W\W. 

We show next 

(10) (t) is not fully centralized. 

Assume (10) is wrong. Then by Hypothesis lS.lT iv). C := Cjr((t)) is constrained. Set C := 02(C) 
and F := Nc{W). Observe that every element of AutdW) extends to an element of Autc{WF) 
and hence, by Remark [Z4T a). {WF)iv is normal in Autc{W). In particular, {WF)\y is normal in 
AutL^W) ^ L*/Cl*{W). So, by (5), CnT < F < Cs{W) n Cs{t) = {t)W and CnT = 
{t)(W n C). Since the situation is symmetric in Q and R, we get also C ilT = {t){W nC) and 
thus, {W n C)Cw{L) < W. Hence, as W/Cw{L) is an irreducible L-module, WnC < Cw{L). 
Therefore, since C is constrained, Z(S) < CwiC) < W D C < Cw{L), a contradiction to (6). 
This proves (10). In particular, by Lemma [2.15[ Csit) is contained in an essential subgroup of 
J^. Moreover, if g = 4 then S is isomorphic to a Sylow 2-subgroup of Aut{F* (G)) . Therefore, 
Lemma 18.71 gives 

(11) g>4. 

In particular, go > 2. Therefore, the structure of L3(go) and Sp4{qo) gives 

(12) [w,w] = wnw. 



By Lemma [231 we can choose G Morjr{Cs{t), S) such that (t0) is fully centralized. We set 

Wi ■.= W{t)sindWi ■=W{t). 
Note that Wi and Wi are elementary abelian. We show next 
(13) 11^10/1^10 n J(T)| < 2 and 1^^10/1^1 n J(T)| < 2. 
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If F*{G) = Spi^q) then S/J{T) is cyclic and hence (13) holds, as Wi(j) is elementary abelian. 
Thus, we may assume F*{G) ^ Lsiq) and |M/i0/iyi0 n J(T)| = 4. Then, as T/J{T) is cyclic, 
t e J(T)(iyi0 n T) and 1^10 ^ T. Hence, by (2) and (3), we have Wicp n J{T) < Cz{t) = 
WnW. Therefore, 2 ■ gg = | W^i0| < 4 ■ |iy n !¥ | = 4 ■ go and go < 2, a contradiction to (1 1). As 
the situation is symmetric in W and W, this shows (13). 

(14) Wi(l) < T and Wic/) < T. 



Assume Wi(j) ^ T. Then, by Lemma[19l W(f) n J{T) < Z{J{T)) and so [W(j) n J(T), VT^ n 
JiT)] = 1. Now (9) and (13) yield go = 2, a contradiction to (11). As the situation is symmetric 
in W and W, this shows (14). 

(15) t(f) G Z{J{T)). 

By (14), t0 G T. Hence, as S" = J{T)Cs{t) and t0 is fully centralized, it follows from (8) and 
(10) that t(j) G J{T). Suppose now (15) is wrong. Then (2) and (3) imply t0 G P\Z{J{T)) for 
some P G A{T) and CsXtcj)) = Cxitct)). Moreover, by Lemma[52ta), Cj(T){t(l)) = P. Hence, by 
(13), \W^/W^ n P| < 2 and iWcp/Wcp n P\ < 2. As [W(p r]P,W(pr]P] = 1, it follows now 
from (9) that go = 2, a contradiction to (11). Hence, (15) holds. 

(16) W(f) < J{T) and W(j) < J{T). 

By (14), W(j) < T. By (9),(11) and (13), [W<p n J{T), Wcj) n J{T)] ^ 1. So, by (3), there are 
Pi,P2 e A{T) such that Pi 7^ P2, 1^0 n J(r) < Pi and W^0 n J(r) < P2. As, by (12), 
W(t)nW(t)= [W(t), Wcj)] < JiT), this implies WcpnWcp < PiD P2 = Z. Assume Wcp ^ J{T). 
Then t G (Vr0) J(T) and, by (15), (t0)(Vr0 n H^^) < Cz(t) = Wr\W,a. contradiction. Hence, 
W(j) < J{T) and, as the situation is symmetric in W and W, property (16) holds. 

(17) Let Wi(t> < B e A{T). Then Wic^ is fully centralized and Cs{Wi^) = B. 



By Lemma [231 we can choose ip G M or jr[N siWicj)) ^ S) such that Wi := Wi(f)ip is fully normal- 
ized. Note B < Cs{Wi(f)) and Wi < BiP e A{S) = A{T) and, by (1), T = NsiBtfj). Let P := 
Cs{Wi) n Ns{B^). Then l^i < Cb^F) and so |Cij^(P)| > llVil > |W^|. Thus, by (7), F<T. 
Assume now P^ < P. Then Vr0V^ < VTi < Cb^{F) = Z. Note that (#0)P < A^5(Vri0) 
and, by (1) and (14), W(j) <T = Ns{B). Hence, we have W(f)-^ < NsiBip) = T. In particular, 
\{W(j)'^)/{{W(f)-^) n J(T))| < 2. As W(f)ip < Z, this yields 

\W/C^iW)\ = |(W^0^)/C^<^^(W^0^)| < 2, 

a contradiction to (9) and (11). This shows P = B^. Thus, (75(1^1) = Btp and (17) holds. 

We now derive the final contradiction. Set Li := AutLiWi). Then [t,Li] = 1, Li < A(Wi) 
and, by (4), Li = 5L2(go). So L2 := Li0* = 5L2(go) and [^^,^2] = L By (15), (16) and (3), 
there aieB^B G A{T) such that Wi(j) < B and 1^10 < B. Set P := Qp' {AutF*(G){B)) and 
P := OP'(AMtir.(G)(P)). Note that B ^ B and P, B are conjugate to Q. Hence, it follows from 
Hypothesis [Oiii) that Cb{E) n C^(P) = 1. In particular, either tcj) ^ Cb{E) or t0 ^ C7^(P). 
As the situation is symmetric in W and W , we may assume 

t(P C,j(P). 
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By (17), Wi(f) is fully centralized and CsiWicp) = B. Hence, by the saturation properties, every 
element of L2 extends to an element of A{B). So, for 

X := {(j) e A{B) : (l)\w^4,^Wi4> e ^3}, 

we have X/CxiWicj)) = L2 = ^^2(50) and [t0,X] = 1. Note that E = SL2{q), and B/Cb{E) 
is a natural S'L2(g) -module for E. As i? is conjugate to Q in S, by Hypothesis 18 .11 -E is a normal 
subgroup of A(B) and Sb embeds into Aut{E). By Lemma [5^ d). every element of E of odd 
order acts fixed point freely on B/Cb{E). Therefore, as [t0, X] = 1 and t(f) ^ Cb{E), X f] E 
is a normal p- subgroup of X. Hence, as Op{SL2{qo)) = 1, we have X (1 E < CxiWicj)). Since 
Sb embeds into Aut{E), A{B)/E has cyclic Sylow 2-subgroups. In particular, X/Cx{Wi(j)) = 
SL2{qo) has cyclic Sylow 2-subgroups. This gives go = 2, a contradiction to (11). D 

Lemma 8.18. There is a finite group G such that S G Sylp{G), To = J^s{G), F*{G) = L^{q) 
orSpiiq), \0\G) : F*{G)\ is odd and \G : 0\G)\ = 2. Furthermore, ifF*{G) ^ Spi{q) then 
q = 2^ where e G N ?5 odd. 

Proof. By Lemma [8.161 there is a finite group G such that S G Sylp{G), J-q = J-s(G'), and 
F*{G) = L^{q) or Spi{q). By Lemma [QTl and the structure of Aut{F*{G)), no element of G 
induces a field automorphism of F*(G') of even order. So jG : 02(^)1 = 2and|02(G') : F*(G')|is 
odd. If q = 2^ then Aut{Sp4{q)) / Inn(Sp4,{q)) is cyclic of order 2e and generated by the image of 
any graph automorphism of Sp4,{q) . Hence, as any element of S\T induces a graph automorphism 
F*(G'), this implies the assertion. D 

Lemma 8.19. Let F y^ Fq. Then q = \Z{T)\ = 4. 

Proof. We will use throughout the proof that, by LemmaHHl T = J{T). Set Z := Z{T) and 
assume \Z\ > A. As F ^ Fq it follows from Theorem 12. 1 31 that there is an essential subgroup P 
of J^ such that P ^ {T} U Q^. Recall that, by Lemma lSlCT a). P ^ T and there is t G P\T such 
that t(f) E T for some G A{P). By CoroUarv 18.41 applied to G{Z)/Z in place of G, we have 

(1) T is strongly closed in iV7r(Z). 
We show next 

(2) Z^Z{S). 

For the proof assume Z = Z{S). If (](Z(P)) < T then Lemma lSl^ d) implies P n T = Z and P 
is elementary abelian, a contradiction to Lemma lS.lOf c). Hence, by Lemma lS.lOr b). Vl{Z{P)) = 
Z{S), so Z = Z{S) is A (P) -invariant. This is a contradiction to Lemma lS.lOf a) and (1), so (2) 
holds. We show next 

(3) \Z/Z{S)\>2. 

Assume (3) is wrong, then by (2), \Z/Z{S)\ = 2. Take -ft' to be a subgroup of Gi = G{T) such 
that K = Cq-i and AutK{Q) is a Cartan subgroup of AutM{Q)- Then Lemma [831 applied with 
Gi in place of G, yields |Z| = 4. As this contradicts our assumption, (3) holds. 
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Recall that by Lemma lS.lOr c). P is not elementary abelian, i.e. Pq := r2(C$(p)(P)) 7^ 1. Observe 
that, by Lemma lS.lOr b). Pq < Z(S), so Njt^Pq) is parabolic and by assumption constrained. 
Thus, we may set 

G := G{Po). 

As Pq is characteristic in P, A{P) < iVjr(Po) = J^siG). Hence, there is ^f G G such that t G T^. 
Thus, by LemmalOl there exists h e G such that Z{t) < T^. By LemmalS^ there is 5 G A{S^) 
such that Z < B. Observe that t e T^ = Nsh{B) and B{t) < Ng{Z). In particular, there is 
X G NciZ) such that B{t) < S"". Then t G Ns^B) = T^, a contradiction to (1). This shows the 
assertion. D 

Lemma 8.20. Let J= ^ Tq. Then 7 = TsiG) for a group G with G ^ J3 and S e SykiG). 

Proof. We will use frequently that, by Lemma[07l T = J{T) G Sylp{M). Set 

Z := Z{T), R := [S, S] and S := S/Z. 

By Lemma [8. 191 we have q = \Z\ =4. It follows from Theorem 12.131 that there is an essential 
subgroup P of J" such that P 7^ T and P ^ Q^ U {T}. Recall that by LemmalOOta), P ^T. 
Let t G P\T of minimal order. We will use frequently that, by Lemma \53\ A{T) = {Q, Q*}, 
every elementary abelian subgroup of T is contained in Q or Q*, and Z = Q D Q*. We show first 

(1) Z{S) is A(P)-invariant. 

If n{Z{P)) < T then n{Z{P)) = Z{S). Thus we may assume n{Z{P)) ^ T. If Z = Z{S) 
then, by Lemma [SJOtd), Ct{z) = Z{S) for every involution z G S\T. Hence, P n T = 
Ct{^{Z{P))) = Z(S) and P is elementary abelian, contradicting Lemma lS.lOt c). Thus, Z ^ 
Z{S) and \Z{S)\ = 2. As P is not elementary abelian and P = (P n T)fi(Z(P)), we have 
1 ^ $(P) = $(PnT) < ^{T)nG{n{Z{P))) = Gzin{Z{P))) = Z{S). Uence, Z{S) = <I>(P) 
and (1) holds. Thus, by Lemma lB.lOf d). we have 

(2) Z <P. 

Set now 

^0 = OpiNAZ)). 

We show next 

(3) |(PonT)/Z|=4orT<Po- 

Assume T ^ Rq. As Njr(Z) is by assumption constrained, we have then Z < Rq. So, if 
Z = RoHT then Rq^T and [Q, S] < [T, TRq] < [T, T](Po n T) = Z, a contradiction to Q not 
being normal in S. Hence, Z < RqHT and (3) follows from RqHT being A (T) -invariant. 

(4) Z is not A (P) -invariant and Z 7^ Z(5). 

Assume Z is A (P) -invariant. Then P is essential in Njr(Z). So by Lemma [2.141 Rq < P 
and Po is A (P) -invariant. If Z{S) < Z then, by (1), [Z,Op{A{P))] = 1. If Z = Z{S) then 
[Z, 0P'(A(P))2_= [Z, (S-p^-^^)] = L So, in any case, [Z, 0^(0^' {A{P)))] = 1. Hence, as A{P) is 
notp-closed, [P, 0^(0^' {A{P)))] 7^ 1. As P fl T is not A (P) -invariant and elementary abelian, 
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there is an involution in P\P fl T. Moreover, POT has order at most 2^. Hence, by Lemma [831 
[PnT, P] = 1 . Thus, P is elementary abelian and PTvT < Cy(P) = R- Now, by (3), i?o n T = 
P n T = R. As P n T is not y4(P)-invariant, this implies Rq = P. In particular, P is normal in 
S and \Sp/Inn{P)\ = \S/P\ = 4. On the other hand, \P/Cp{Sp)\ < 2 and, as P is essential, 
we may choose G A(P) such that Sp n S'p0* = Inn{P). Set F := (Sp, Sp^*). Then 
P = P/Cp(Y) has order 4 and F/C ^ ^3 for C = Cy{P). Since Y < Op\A{Q)) and 
[Z,OP{OP\A{P)))] = 1, we have [P, Op(C)] = 1 and C is a normal 2-subgroup of Y. Thus, 
C < Sp n Sp^* = Inn{P) and |S'p//nn(P)| < 2, a contradiction. Hence, Z is not A{P)- 
invariant and (4) follows from (1). We show next 

(5) |5 : P| > 2. 

Assume |5 : P| = 2. Then |T : (T n P)| = 2. As T = (Q^) ^ P, we have Q ^ P and so 
IQ n P| = 8. Observe now 

j(pnr) = ((gnp),(g*np)). 

If J(P) = J(PnT) then, by Lemmalll ^ = Z(J(P)), a contradiction to (4). Thus, J(P) ^ T. 
Let A G ^(P) such that A ^ T. Then 8 = |Q n P| < |A| = 2 • |A n T] and, by Lemma [5^ 
A n T < ^(5"). Hence, \Z{S)\ > 4 and Z{S) = Z, again a contradiction to (4). This shows (5). 

(6) R = PnT. 

Set Pi = Op{N^{Z{S))). By (1) and Lemma[2ll Pi < P and_Pi is A (P) -invariant. If Pi < T 
then by (4) and Lemma lOOT a). Z < Pi < P n T. So, by (5), IP^I = 2. Since Pi is normal in S 
it follows that Pi is not elementary abelian. Hence, i7(Pi) = Z,a contradiction to (4). Therefore, 
Pi ^ T. Thus, P < [T, Ri]Z < RiZ and, by (2), R<P. Now (6) follows from (5). 

(7) t is an involution, P = R{t) = R{z : z G S\T, z^ = 1), and the essential subgroups of J-" 
areQ,Q*,TandP. 

Observe that every element in T has order at most 4. By Lemma lS.lOr a). P fl T is not A{P)- 
invariant, and so there is an element x in P\T of order at most 4. Then x'^ has order at most 2 and 
is centralized by x G S\T. Hence, x"^ E Z and {Z, x) has order 8. By (4), (Z, x) is non-abelian 
and thus dihedral. Hence, by (2) there is an involution in P\T. Since t has minimal order, t is 
then an involution as well. Hence, the involutions in S\T are the elements in (^^(t)^ = Rt. Thus, 
by (6), every involution in S\T is contained in P and (7) holds. 

(8) P = Qs* Ds, A{P)/Inn{P) = A^ and A{P) = OP{Aut{P)). 

By (7), t is an involution and P = R{t). By (4), Z{t) is dihedral of order 8. An elementary 
calculation shows 

Crit) = {qq'z : q G Q\Z, z G Z\Z{S))Z{S) ^ Qg 

and P = P n T = CT{t)Z. Hence, P = Cr(t)(^(t)). As Cr(t) n {Z{t)) = Z{S), this 
shows P = Qs* Ds. In particular, Aut{P) / Inn{P) = S5 and P/Z{P) is a natural ^s-module 
for Aut{P)/Inn{P). Since, by (7), Sp/Inn{P) ^ 5/P ^ C2 x C2, a Sylow p-subgroup of 
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A{P)/Inn{P) is a fours group. As A{P)/Inn{P) has a strongly 2-embedded subgroup, this 
implies A{P)/Inn{P) ^ A^ and A{P) = OP{Aut{P)). Hence, (8) holds. We show next: 

(9) J-Q is isomorphic to the 2-fusion system of the extension of PGL^{A) by the automorphism 
that is the product of the contragredient and the field automorphism. 

Recall that by Lemma [8.19[ g = 4. By (8), we have in particular that P-^ = {P}, so P is fully 
normalized. Moreover, there is an element of order 3 in Na{p){Sp), which by Remark [Z^b) 
extends to an element of A(S). Since J{S) = T, it follows from Lemma [5^ b) that every 
element of A(S) of odd order normalizes Q. Hence, there is an automorphism of Q of order 3 
which centralizes Z{S). Therefore, A{Q) = GL2(4). Now Lemma[8Tl8l (4) and the structure of 
AMt(L3(4))imply(9). 

We now are able to prove the assertion. Let G = J3 and 5* G Syl2{G). Set P = J'^{G). Let 
Q e A{S), f = N§{Q) and Jq = {N^{Q),N^{f)). From the structure of J3 we will use 
that Hypothesis 18. II is fulfilled with (J^, S, Q) in place of (J^, S, Q), and that there is an essential 
subgroup P E J' with P ^ Q-^ U {T}. In particular, the properties we have shown for J^ hold for 
^ accordingly. So by (9), we have J-q = J'o, i.e. there is a group isomorphism a : S -^ S which 
is an isomorphism of fusion systems from J'q to J'q. By (8), P is the only essential subgroup of 
J" in J^\{Q^ U {T}), P is the only essential subgroup of P in f\{Q^ U {f }), Pa = P and 
Autp{P) = a~^A{P)a. Now by Remark [2.161 a is also an isomorphism from J^ to j^. This 
shows the assertion. D 

Proof of Theorem \8.2\ This is a consequence of Lemma 18.121 Lemma I8.14[ Lemma 18.181 and 
Lemma [8.20[ 

9 Existence of Thompson-restricted subgroups 

Throughout this section assume the following hypothesis. 

Hypothesis 9.1. Let J^ be a saturated fusion system on a finite p-group S. Set 

Z ■=Q{Z{S)). 

Let M be a proper saturated subsystem ofT containing Gj{Z\ By J^^ denote the set of Thompson- 
maximal members of Tm- 

Recall here from Notation ll.3l that Tjs! is the set of centric subgroups P oiT such that Autjr(P) ^ 
J\f. Note that, by Corollary I2.18[ J-'^f 7^ 0. Also recall the definition of Thompson-restricted 
subgroups and Thompson-maximality of Definitions 11.51 and l 1.41 As introduced in Notation |2.17[ 
we write J'Jj- for the set of Thompson-maximal members of J\^. The aim of this section is to 
prove Theorem [TJ i.e. the existence of a Thompson-restricted subgroup of J-' in J^^, provided 
Njr{J{S)) < M. As before, we set, for every P e T, 

A{P) = Aut^iP). 

Recall from Notation 12.1 1 that for U E J-' and R < S a subgroup Ru of A{U) is defined by 



40 ELLEN HENKE 

Furthermore, set 

jr+ := {Q^jr^, Ns{Q) = Ns{J{Q)) and J{Q) is fully normalized}. 
Lemma 9.2. We have F^ ^ 0. 
Proof. This is just a restatement of Lemma [2 .241 D 

Theorem 9.3. Let Q be a maximal with respect to inclusion member of T^. Then J{S) = J{Q) 
or Q is Thompson-restricted. 



Proof. Suppose ^(5*) ^ Q. As Q G Tj^, Q is centric, and by Remark [Z2l Q is fully normalized. 
In particular, we may choose a model G of Njr(Q). Set 

T := NsiQ) and H := {g e G : Cg^^Q G AutxiQ)}- 

Note that iJ is a proper subgroup of G, as A{Q) ^ Af. By assumption, J{S) ^ Q and T = 
Ns{J{Q)), so it follows from Remark [TIT] that 

(1) J{T)^Q. 

Corollary [lilQl yields A{RQ) < A/" for every subgroup i? of T with J{RQ) ^ Q. Thus, also the 
restriction of an element of Na{rq) (Q) to an automorphism of Q is a morphism in J\f. This yields 

(2) NciR) < H for every subgroup i? of T with J{RQ) ^ Q. 
We show next 

(3) Let Qo be a normal subgroup of T containing Q such that Ng{Qq) ^ H. Then Q = Qq. 

For the proof of (3) set M : = Nq (Qo)- Then every element of AuIm (Q) extends to an element of 
A{Qq). Furthermore, as M ^ H, we have AutuiQ) ^ -^- Hence, A{Qq) ^ M. Moreover, Qq is 
centric, since Q is centric. Thus, Qq E J-'^f, so the Thompson-maximality of Q yields Qq E J-'p 
and J{Qo) = J{Q). In particular, as Q G 7^, we have Ns{Qq) = T = Ns{J{Qo)) and J{Qo) 
is fully normalized. Therefore, Qo E J-'^ and the maximality of Q yields Q = Qq. This shows 
(3). Note that, by (1) and (2), NdT n J{G)) < NaiJiT)) < H. By a Frattini Argument, 
G = A^g(T n J{G)).J{G) and hence, 

(4) J{G) t H. 

In particular, X := .J{G)T ^ H. Let P < X be minimal with the property T < P and P ^ H. 
As Ng{T) < Ng{J{T)) < H, it follows from Remark |43] that P is minimal parabolic and P n if 
is the unique maximal subgroup of P containing T. Observe that Q < Op{G) < Op{P) and so, 
by (3), 

(5) Op{P)=Q = Op{G). 

Let now V < Q{Z{Q)) be a normal subgroup of X containing Q{Z(T)), and P = P/GpiV). 
Observe that Q < GsiV) and, by a Frattini Argument, X = Gx(y)Nx{GT(y)). Also note 

Z < n{Z{T)) < V and so [GxiV),Z] = 1. As C^(Z) < Af, this yields GxiV) < H and 
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thus Nx{Ct{V)) i, H. Now (3) implies Ct{V) = Q, i.e. Nc,(v){Q) = Q and so, as Cs{V) is 
nilpotent, 

(6) CsiV) = Q and Cg(1^)/Q is a p'-group. 

In particular, by (1) and Lemma [53l fa). Op(y) ^ 0. Let now N be the preimage of Op{P) in P. 
Since P ^ H,we have [Z, P] ^ I and therefore, P is not a p-group. Hence, 0^{P) ^ N, so by 
LemmaQa) and (5), N nT < Op{P) = Q. Hence, 

(7) Op(P) = 1. 



Observe that Cp{V) < Cp{Z) < P f] H and therefore, P is minimal parabolic, if n P is the 
unique maximal subgroup of P containing T, and C-p{Cv{T)) < C-p{Z) < H H P. Now, for 
V = Ap{V)U it follows from P BHSi 5.5] that there are subgroups Ei, . . . ,Er of P containing 
Cp{V) such that the following hold. 

(i) P = (E^x ■ ■ ■ X E^)T and T acts transitively on {E^, . . . , E^.}, 

(ii) v = {vnEl)u---u{vn %), 

(iii) V = Cv{E^... Er) n:=i [V, E,], with [V, E,, E,] = 1 for j ^ t, 

(iv) Ei = 5L2(p"), or p = 2 and E^ = Sa^+i, for some n G N, 

(v) [y, Ei]/C[v^Ei] (Ei) is a natural module for Ei. 

This implies together with (TT, 4.6], LemmalS^b) and Lemma [STptc) that \V/Cv{A)\ = \A\ for 
every A G VAn particular, by the definition of P, m-p{V) = |F|o Hence, we have 

(8) There is no over-offender in P on V, and V is the set of minimal by inclusion elements of 

OpiV). 



For B e A{T), it follows from (2),(6) and a Frattini Argument that Np{B) = Np{BCp{V)) = 
Np{BQ) < H. By [AS, B.2.5] and (8), there exists B e A{T) such that B e V. Let J be the 
full preimage of D fl T in T. Observe that, by Lemma [53l b) and Lemma [5.12r b). Np(J) acts 
transitively onV DT. Therefore, we get the following property. 

(9) For every AeVnT, there exists B E A{T) such that A = B. In particular, Np{A) < H. 
Assume r 7^ 1 or i^i = 5*2"+! for some n > 1. Then using Lemma [5.12r a) we get 

P = {Np{A) : AeVn T)T. 

Hence, (9) gives T <ll. So, as CpiV) < Cp{Z) < H, we get also P < H, contradicting the 
choice of P. Therefore, r = 1 and for _E := i^i, we have 

(10) P = ET, E = SL2{q) for some power q of p, and V/Cv{E) is a natural 5L2(g)-module 
forE. 



^Recall Definition 1511 
■^Recall Definition im 
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Note that C^(E)/Z(E) ^ Cp(E)E/E and so C-p(E) / Z (E)js a p-group. Moreover, as E^ 
SL2{q), Z(E) hasorder prime to p. Hence, for Y G Sylp{Cp(E)), we have Cp(E) = Y x Z(E) 
and Y = OpiCp{E)) < Op{P). So by (7), 

(11) Cp(E) = Z(E). 

Let now A e A{T). Then by (8) there is B e V such that B < A. By Lemma [5]6l;b) we 
have B e Sylp(E). As [B,A] = 1, the structure of Aut(E) yields together with (11) that A < 
ECp(E) = E. Hence, A< E. Now it follows from (9),(10) and Lemma[16tb) that 

(12) Tr]E = J{T)Q = AQ, and E = J{P)Cp{V). 
Lemma [5^ gives the following two properties. 

(13) \V/Cv{A)\ = \A/Ca{V)\ = q and Cv{A) = Cv{a) for every a G A\Cg{V). 

(14) [V,A,A] = 1. 



Set now NciV) := Ng{V)/Cg{V) and L := J(G')Cg(K). Note that, by (12), A = J{T) and thus 
also A = J{T). Hence, L = {A^). Moreover, A is weakly closed in T with respect to Ng{V). 
In particular, the Frattini Argument gives Ng{V) = N-ry-'{A)L. By another application of the 

Frattini Argument and (1), (2), we get A^ -— (A) < NdV) n Ng{J{T)) < NniV). Moreover, 

C^^^{Cv{f)) < C^^^iZ) < mAV). By (4), JiG) ^ H and thus, by (13) and (14), the 

hypothesis of llBHSl 4. 14] is fulfilled with N^), N^) and A in place of G, M and A. Hence, 
we get L = SL2{q) and V/GviL) is a natural S'L2(g) -module for L. Observe that, by (11), 
Gy(E) = 1 and so, by (6) and (12), Ct(J(G)/Cj(g)(V^)) < Gt(E) < Q. This completes the 
proof. n 

The proof of TheoremUl liN^{J{S)) < AT then A{Q) < A/", for every Q G J^with J(5) = J{Q). 



Hence, the assertion follows from Lemma [9^ and Theorem [97 



10 Properties of Thompson-restricted subgroups 

In the next section we will prove Theorem [2] and Theorem [3l Crucial are the properties of 
Thompson-restricted subgroups which we will state in this section. Throughout this section we 
assume the following hypothesis. 

Hypothesis 10.1. Let J^ be a saturated fusion system on a finite p-group S and let Q G J^ be a 
Thompson-restricted subgroup. Set T := Ns{Q), q := \J(T)Q/Q\ and A{P) := Autjr{P), for 
every P E J-". 

Recall from Notation O that Rp := AutpiP) := {cg^pp : g G Nr{P)} for all P < R < S. 
Furthermore, recall from Notation 12.71 that, for every fully normalized subgroup P G J-', G{P) 
denotes a model for Njr(P), provided Njr{P) is constrained. 
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Notation 10.2. For every U e F set 

V{U) ■=Vt{Z{U)). 

Moreover, we set 

A°{Q) := ((J(T)Q)^(«))C^(Q)(y(g)). 

Remark 10.3. (a) We have J{T)Qlnn{Q) G Sylp{A°{Q)) and J{T)Q = AQ, for every A e 
A{T) with A^Q. 

(b) CviQ){J{T)) = Cv(Q){A) and [V{Q), J{T), J{T)] = 1. 

(c) Let V < V{Q) such that [V,A°{Q)] ^ I and V is A°{Q) -invariant. Then V{Q) = 
VCviQ){A°{Q)), Cs{V) = Q, \V/CviA)\ = |A/Ca(V)| = g, A{Q) C ^(T) and 
{A n Q)V e A{Q)for every A e A{T). 

(d) Ct{J{T)Q/Q) = J{T)Q 

Proof. Since Q is Thompson-restricted, (a) and (b) follow from Lemma IS^l fa) and Lemma [521 
Property (d) is a consequence of (a) and the structure of Aut(S L2{q)) . Let V < V{Q) such 
that [V,A°{Q)] ^ 1 and V is A°(g) -invariant. Then, as V{Q)/Cv(Q)iA°{Q)) is irreducible, 
ViQ) = VCviQ)iA°iQ)). In particular, Cj(t)(V) = Cj^T)iViQ)) < CsiViQ)) = Q. Hence, 
[CTiV),J{T)] < Cj(^T){V) < gand,by(d),CT(l^) = Cj^t)q{V) = Q. This means iVc,(y)(g) = 
g and so, as Cs{V) is nilpotent, Cs(V) = Q. Now (b) follows from Lemma l5.3l and Lemma lS-Sf a). 

D 

Recall the Definition of the Baumann subgroup from Definition [63l 

Lemma 10.4. B{T) < J{T)Q. 

Proof Since Q is Thompson-restricted, it follows from Remark[Ta3Ta').[531^a') andOthat CT{\y{Q), J{T)]) 
J{T)Q. By Remark [IMc), we have V{Q) < J{T). So, by Remark [MStb), [V{Q), J{T)] < 

n{Z{J{T))). Hence, B{T) < CrilViQ), JiT)]) < J{T)Q. U 

Definition 10.5. We say that U E J-' is J^ -characteristic in Q and write 

U charjr Q 
ifU < Q,U<TandA°{Q) = CAo(Q)(F(g))iV^o(Q)(?7). 

Lemma 10.6. Set G := G{Q) and M := J{G)CGiV{Q)). Let U char^ Q and set X := 
B{Nm{U)). Then we have B{T) e Sylp{X) and M = GgIv{Q))X. 

Proof Observe that T normalizes NMiU) thus also X. As A°{Q) = C^o(Q)(y(g))A^A°(Q)(t^), 
we have M = CMiV{Q))NMiU). Therefore, Hypothesis [63] is fulfilled with NmIu) and V{Q) 
in place of G and V. Hence, Lemma [6^ and Lemma \TOA\ imply B{T) G Sylp{X) and NMiU) = 
{Nm{U) n Gm{V{Q)))X. This implies the assertion. D 

Lemma 10.7. Set G := G{Q) and M := J{G)GGiV{Q)). Let U char^ Q. Then there is 
H < Nm{U) such that B{T) G Sylp{H), H is normalized by T, M = Gg{V{Q))H and, for 
H := H/Op{H), 

H/^{H)^L2{q). 
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Proof. Set X := B{Nm{U)). By Lemma [1061 we have Ti := 5(T) G Sylp{X) and M = 
Cg(^(Q))^. Note that X is nomialized by T. Set Xq := XT and let //q < -^o be minimal such 
that T<Ho and H^ ^ Nx,iT^)Cx,iy{Q)). Set H := HoH X. Then i7 ^ iV^(Ti)Cx(F(Q)), 
as i?^o = HT. Since X/Cx(^(Q)) = SL2{q) is generated by two Sylow p-subgroups, we get 
X = Cx{V{Q))H and M = Cg{V{Q))H. Moreover, Ti G Si//p(ff) and H is normal in /Jq- 
Thus, it remains to show that H/^{H) = L2{q). 

Observe that Q = Op{Ho)_Set H^ = Ho/Q and C := Cho{V{Q)). By Remark 1131 Ho is 
minimal parabolic, and so Hq is minimal parabolic as well. As Hq/C is not a p-group, it follows 
now from Lemma Qb) that C < $(Ho). Observe that TTq = TH, so by Lemma O $(^) = 
<l>(;^). Hence, C <^(H),so by Remark [3Jlc), ^(H/C) = ^(H)/C and, as H/C ^ 5^2 (g), 
then 

F/<l>(:ff) = (H/C)mH/C) ^ L^iq). 

Asll = H/{Hr]Q) = H/Op{H) = H, this implies the assertion. D 

Lemma 10.8. Let U charjr Q such that U is fully normalized. Let U* < Q be invariant under 

NAo(Q)iU) andNA(s)iU). Set Af := NN^^u)iU*), H := NA^(Q)iU) and X := HSq. Suppose 
0^{H) ^ Cx{V{Q))Cx{Q/U*). ThenOp{M/U*) < Q/U*. 

Proof. Observe first that Njr{U) is saturated as U is fully normalized. Moreover, U* < Ns{U) 
since U* is A^yi(5)(f/)-invariant, so U* is fully normalized in Njr(U) and J\f is saturated. Set 

X:=X/Cx{V{Q)). 

Since U charjr Q we have X < Na(q){U). In particular, as Ca(q)(^(Q)) < A°{Q), we have 
CxiV{Q)) < A°{Q) n X < H. Since U charjr Q and Q is Thompson-restricted, we have 

H = A°{Q)/Cahq){V{Q)) = SL^iq). 

Moreover, Csq(H) < Inn{Q), so Z(X) = Z(H) andX/Z(X) embeds into Aut(H) ^ TL2{q). 
This gives the following property. 

(1) Let iV be a normal subgroup of X containing CxiV{Q)) such that 0^(11) ^ A^. Then 
A^ < i7 and iV < Z(H). In particular, \N/CxiV{Q))\ < 2 and N/{N f] Inn{Q)) has order 
prime to p. 

Set C := Cx{Q/U*) and Ci := ^^^(^/(g)). By assumption, 0'p{H) ^ Ci. Hence, by (1), 

(2) C = C'i< Z(H) and Cs{Q/U*) < Q. 

Set Af+ = Af/U*, R+ = RU*/U* for every subgroup R of Ns{U), and L+ for the subgroup of 
Autj^+{Q^) induced by L, for every subgroup L of X. Then L+ = LC/C for every L < X. 
Observe that Q^ is fully normalized in J\f^ since Q is fully normalized in J^. As A/^"*" is saturated, 
it follows in particular that Q^ is fully centralized in J\f^. Now (2) yields 

(3) Q^ is centric in A/"^. 

As already observed above, X /Z{X) embeds into Aut{H) = TL2{q). Hence, there is a subgroup 
R of T such that Q < R, Rq is a complement of J{T)q in Tq, and [Rq,E] = 1 for some 
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subgroup E of H with E = 5*^2 (go) where go 7^ 1 is a divisor of q. (Rq corresponds to a 
group of field automorphisms of SL2{q).) We may choose E such that Ch{V{Q)) < E. Note 
that C niy {Q)) / Inn{Q) is a p'-group and so Rq G Sylp^RqC niV {Q))) . As E normalizes 
RQCHiy{Q)\i^ follows from a Frattini Argument that E = EoCh{V{Q)) for Eq = Ne{Rq). 
In particular, E^^E = SLiigo). 

Set E := Nj^{J(Q)). Observe that J{Q) is fully normalized in J\f, as J{Q) is fully normalized in 
J^, and so £ and £^ := £/U* are saturated. Moreover, Aut£{Q) = Autj^{Q) and so Ei := Eq < 
Aut£+{Q+). Note that Ei ^ EqC/C. As E^^E^ ^^2(50), property (2) implies 



EoCi/C,^SL2iqo)orL2iqo). 

Since C < Ci, wehave (i^oCO/Ci — (-E'oC)/((-E'oC)nCi), and £"1 has a factor group isomorphic 
to L2{qo). In particlar, Ei is not p-closed. Also observe that Ei normalizes (R^)q+ = (Rq)^, and 
Q~^ is fully normalized in £~^, as Q"*" is normal in T+. Hence, it follows from (2) and Remark [241 
that every element of Ei extends to an element of Aut£+ (R^). Thus, Aut£+ (R^) is not p-closed. 
Hence, bv [2J3l there is P E £ such that U* < P, P+ is essential in £:+, and (i?^)^ < P+ for 
some element (p E Aut£+(T~^). Then R^ < (P+)0^^ and so, replacing P by the preimage of 
(P+)0~^ in T, we may assume that R < P. 

By the choice of R, we have Q < P < P and T = J{T)R = J{T)P. By Remark [Ia3];a),(c), 
we have A{Q) C A{T) and J{T)Q = AQ for every A E A{T)\A{Q). Hence, if there exists 
A E A{P)\A{Q) then J{T) < AQ < P and P = T, a contradiction. Thus, J{P) = J{Q). 
In particular, Aut£{P) = Autj^{P), i.e. Auts+{P+) = Autj^+{P+) and Autj^+{P+)/Inn{P+) 
has a strongly p-embedded subgroup. As Q^ < R^ < P+ it follows from (3) that P+ is centric 
in A/"^. Therefore, P+ is essential in A^+ and by Lemma [2. 141 Op{J\f^) < P+. In particular, 

(4) Opi^f+) < T+. 

Lett/* <Y < NsiU) suchthatF+ = Op(A/'+). Thenby(4),r < T. Moreover, every element of 
X+ extends to an Ar+ -automorphism of (FQ)+, so by Remark Qa), {{YQ)q)+ = {{YQ)+)q+ 
is normal in X+. Hence, (YQ)qC and thus YqCi is normal in X. By assumption, Op{H) ^ Ci 
and so 0^(11) ^ YqCi. Therefore, by (1), YqCi/ Inn{Q) is a p'-group. Hence, Yq < Inn{Q) 
and so y < Q. This proves the assertion. D 

Applying Lemma [10. 8 1 with f/* = 1 we obtain the following corollary. 

Corollary 10.9. Let 1 ^ U charjr Q such that U is fully normalized. Then Op{Njr{U)) < Q. 

Notation 10.10. Let 1 ^ U < Q such that U <T. Then we set 

V{Q,U) = {Uq : Uq<Q, Uq is invariant under Na(s){U) and Na(q){U)}. 
By U*{Q) we denote the element ofV{Q, U) which is maximal with respect to inclusion. 

Note that here U*{Q) is well defined since U E T)(Q, U) and the product of two elements of 
V{Q, U) is contained in V{Q, U). Moreover, if Op{Nr{U)) < Q, then Op{N^{U)) E V{Q, U) 
and therefore U < Op{N^{U)) < U*{Q). 
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Lemma 10.11. Let T he minimal, let 1 ^ U charjr Q and assume U is fully normalized. Then 

OniVA°(Q)(f/)) < CAiQ)iQ/U*iQ))CAiQ)iViQ)). 

Proof. Set H := iV^o(Q)(f/), X := HSq, U* = U*{Q), and C := Cx{Q/U*)Cxiy{Q)). As- 
sume 0^{H) ^ C. Observe that Njr(U) is saturated and solvable, since U is fully normalized 
and J' is minimal. Moreover, U* < Ns{U) is fully normalized in Njr(U) and so, by Proposi- 
tion [ZMa), A/" := NNjr{u){U*) is saturated and solvable. Therefore, Op{J\f /U*) ^ 1 and so 
U* < Uo, where Uq is the full preimage of Op{M/U*) in NsiU). By Lemma[IMl ?7o < Q. Now 
f/o G I'((5, U) and so f/o = U*{Q) = U,a contradiction. D 

Lemma 10.12. Let T he minimal and let 1 ^ U charjr Q such that U is fully normalized. Then 
U*{Q)X charjr Q for every suhgroup X ofQ with X <T. 

Proof. Note that Uq := U*{Q)X is normal in T. Moreover, by Lemma fTO.lll we have 

iVA°(Q)(f/) < TQOniVA°(Q)(f/)) < TQCAiQ)iViQ))CAo^Q)iQ/U*iQ)) 

<CAiQ){V{Q))NA^Q){U,). 

Hence, A\Q) = CAiQ){V{Q))NAo^Q){U) = CAiQ){V{Q))NAo^Q){Uo) and f/o char^ Q. U 

Lemma 10.13. Let (j) G Morjr[Ns{Q), S). Then Qcf) is Thompson-restricted. 
Proof. As Q is centric, Q := Qcj) is centric. Observe that 

\Ns{J{Q))\ = \Ns{Q)\ = \NsiQ)M < WsiQ)] < \Ns{Jm\. 

So, as Q and J{Q) are fully normalized, Q and J{Q) = J{Q)4> are fully normalized, and 
Ns{Q)4> = NsiQ) = Ns{J{Q)). jDbserve that : Ns{Q) -^^Ns{Q) is an isomorphism of 
fusion systems from Njr(Q) to Njr[Q). Moreover, for V < ri(Z(Q)), we have CsiV) = Q if and 
only if C^ (q)(^) = Q- So Q is Thompson-restricted as Q is Thompson-restricted. D 

11 Pushing up in fusion systems 

Throughout this section, assume the following hypothesis. 

Hypothesis 11.1. Let J^ be a saturated fusion system on a finite p-group S. Suppose T is minimal. 
Let M he a proper saturated subsystem of T on S, and let Q be the set of all Thompson-maximal 
members of J^j\f which are Thompson-restricted. 

Recall here the definition of Thompson-maximality and Thompson-restricted subgroups from 
Definition 1 1.41 and Definition 1 1.51 in the introduction. Furthermore, recall from Notation 1 1.3 1 that 
Fj\f is the set of subgroups P E J' with Autj(P) ^ J\f. The aim of this section is to prove The- 
orem [21 which then, together with Theorem \T\ and Theorem 18. 2[ implies Theorem [3l We restate 
Theorem [2] here for the readers convenience. Recall the Definition of a full maximal parabolic 
from Definition 11.21 

Hypothesis 11.2. Assume Hypothesis U Ll\ and suppose M contains every full maximal parabolic 
ofT. 
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Theorem!. Assume HypothesisUUl LetQ e Q, G := G{Q) and M := J{G)E Then Ns{X) = 
Ns{Q), for every non-trivial normal p-subgroup X of MNs{Q). Moreover, Q < M, M/Q = 
SL2{q) and one of the following holds: 

(I) Q is elementary abelian, and Q/Gq{M) is a natural S L2{q) -module for M/Q, or 

(II) p = 3, S = Ns{Q) and \Q\ = q^. Moreover, Q/Z{Q) and Z{Q)/^{Q) are natural SL2{q)- 
modules for M/Q, and $(Q) = Gq{M) has order q. 

Note here that Theorem [H yields Q 7^ if Hypothesis II 1 .21 holds. In fact, this is already the case 
if we assume the following more general hypothesis. 

Hypothesis 11.3. Assume Hypothesis UUl and suppose Njr{C) < Af for every characteristic 
subgroup G of S. 

Many arguments in the proof of Theorem |2] require only Hypothesis 1 11.31 More precisely, we will 
be able to prove the following Lemma. 

Lemma 11.4. Assume Hypothesis \11.3\ Let Q E Q and I ^ U charjr Q. Then B{Ns{U)) = 
B{NsiQ)). 

Here for a Thompson-restricted subgroup QofF recall the definition of A° [Q] and of J^-characteristic 
subgroups from Notation 1 10.21 and Definition 110.51 For a finite group H, recall the Definition of 
the Baumann subgroup B{H) from Definition [631 

Lemma 111.41 is a major step in the proof of Theorem [2] because, together with Lemma 110.71 it 
enables us to apply the pushing up result by Baumann and Niles in the form stated in Theorem l6.2[ 

In the remainder of this section we use the following notation: For P G -F set 

A{P) := Autr{P) and V{P) := Vl{Z{P)). 
Recall from Notation |2. II that, for subgroups P and R of S, 

Rp := AutR{P) := {c,,pp : g G Nn{P)}. 

11.1 Preliminaries 

Throughout Subsection 111.11 as sume Hypothesis 1 11.31 

Lemma 11.5. Let Q e Q. Then A{YQ) < J\f and Na(q){Yq) < J\f, for every subgroup Y ofT 
with J{QY) ^ Q. 

Proof Set X := YQ. By Corollary [lilOl we have A{X) < U. Since Q is fully normalized and 
GsiQ) ^ Q ^ X, Remark [Z4T b) implies that every element of Na(q){Xq) extends to an element 

of A(X). As Na{q){Yq) < Na{q){Xq), this shows the assertion. D 

Remark 11.6. LetQ e Q. Then A°{Q) ^ U. 



^Recall Notation |27 
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Proof. Otherwise, by the Frattini Argument and 111 .51 A{Q) = A°{Q)Na{q){J(T)q) < M, con- 
tradicting Q G JV- n 

Lemma 11.7. Let Q G Q, let U E T be T -characteristic in Q and characteristic in S. Then 

U = l. 

Proof. Assume U ^ 1. As f/ is characteristic in S, Hypothesis II 1.31 implies Na°{q){U) < 
NAU) < U and CAo{Q){y{Q)) < Nr{Sl{Z{S))) < M. Hence, as U char^ Q, we have 
A°{Q) < M. This is a contradiction to Remark [TIZl □ 

For g G Q and a subgroup UofQ with l^^U <T define U*{Q) as in Notation [TOjOl 

Notation 11.8. Let Q e Q. 

• Set 

C{Q) = {U<Q : U char^ Q, CsiViU)) = U = U*iQ)}. 

• We define C*{Q) to be the set of all I j^ U charjr Q such that U is fully normalized and 

\U\ = max{\U*\ : U* char^ Q, U* < Ns{U)}. 

Let Q e Q. Observe that, by the definition of U*{Q), we have U*{Q) charjr Q and U*{Q) < 
NsiU), for every U char^ Q. Hence, for every U G C*{Q), U = U*{Q). Also note V{Q) < 
Cs{V{U)) = U, for every U G C{Q). This implies the following remark. 

Remark 11.9. LetQeQ and U G C{Q). Then V{Q) < V{U). 

Lemma 11.10. LetQ e Q,U e C*{Q) and X < Q such that X < Ns{U). Then X <U. 

Proof. Since U charjr Q and U = U*{Q), it follows from Lemma [TO. 121 that UX charjr Q. 
Moreover, UX < Ns{U). Hence, the maximality of \U\ yields X <U. D 

Lemma 11.11. Let Q e Q, U e C*{Q) and X < Q such that X ^ U. Then there is t G Ns{U) 
such that X* ^ Q. 

Proof Otherwise (X^^^^)) <Q,a contradiction to Lemma [iLlQ] and X ^U. U 

Lemma 11.12. Let Q G Q. Then C*{Q) C C{Q). 

Proof Set T := NsiQ) and let U G C*{Q). As already remarked above, U = U*{Q). By 
LemmainnOl we have Z := n{Z{S)) < U and so Z < V{U). Hence, as U char^ Q and Z < 
V{Q), we have V := {Z^°^^^) = (Z^.4°(Q)(^)) < V{U). Lemma [HI] implies Z ^ C{A°{Q)). 
Thus, [V, A°{Q)] ^ 1 and, by Remark [I03];c), we have Cs{V) = Q. Therefore, CsiV{U)) < Q 
and so CsiV{U)) = Cq{V{U)) char^ Q. At the same time, CsiV{U)) < NsiU). Hence, the 
maximality of \U\ yields U = Cs{V{U)) and thus U G C{Q). D 

Notation 11.13. Let W < S be elementary abelian and W < Y < Ns{W). Then we write 
A*{Y, W)for the set of elements A G A{Y) with [A, W] ^ I for which ACyiW) is minimal with 
respect to inclusion among the groups BCyiW) with B G A{Y) and \W^ B] ^ 1. (In particular, 

A.{Y,W) = (Dif[W,J{Y)] = l.) 
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Lemma 11.14. Let Q e Q, U e C{Q), W := V{U) and A e A^{T, W). Assume A ^ Q. Then 

\W/Cw{A)\ = \A/Ca{W)\ = qandW = V{Q)Cw{A). 

Proof. By Lemma fTTQl V{Q) < W. As Cs{V{Q)) = Q, we have [V{Q),A] ^ 1. Rc- 
mark ll0.3T c) implies 

\ViQ)/Cy^Q)iA)\ = \A/CAiViQ))\=q. 



Hence, the assertion follows from Lemma [541 D 

Notation 11.15. For Q e Qset 

R{Q) = [V{Q),J{Ns{Q))]. 

Remark 11.16. Let Q e Q and set T := Ns{Q). Then [R{Q),J{T)Q] = 1 and R{Q) = 
[V{Q), A], for every A e A{T) with A ^ Q. 

Proof This follows from Remark [10.3r a).(b). D 

Lemma 11.17. Let Q e Q, U e C{Q) and A e A(T, V{U)) such that A ^ Q. Then R{Q) = 

[V{U),A]. 

Proof By Remarklina R{Q) = [V{Q),A], and by LemmallOS V{U) = V{Q)Cv{u){A). 
This implies the assertion. D 



Lemma 11.18. Let Q E Q and (j) e Mor^{Ns{Q),S). Then Qcj) e Q, Ns{Q)(j) = Ns\ 
A°{Q)(j)* = A°{Q(j))nV{Q)(l) = 1/(g0) andR{Q)(p = R{Q(p). Moreover, for every U char^ Q, 
we have Ucp charjr Qcj). 

Proof. By Lemma [l0.13[ Qcj) is Thompson-restricted. As J{Ns{Q)) ^ Q and Q is Thompson- 
maximal in J^f,/, it follows from Corollary 12.191 that is a morphism in J\f. Hence, A(Q(f)) = 
A(Q)(f)* -^ J\f as A{Q) ^ J\f. Thus, Qcp E J-'j^ and Thompson-maximal in J'j^, since Q is 
Thompson-maximal in J'_^f. Hence, Qcp E Q. Now the assertion is easy to check as the map 

(f)* : A{Q) -)■ A{Q(f)) is an isomorphism of groups with J{Ns{Q))q(I)* = J{Ns{Q<P))q^. □ 

Corollary 11.19. Let Q E Q and 1 ^ U charjr Q. Then there is E Morjr{Ns{U), S) such that 
U(j) is fully normalized. For each such (p we have Qcj) E Q, Ucj) charjr Qcj), Ns{Q)cj) = Ns{Qcj)), 
A°(Q)0* = A°(Q0), V{Q)(j) = V{Q(j)) andR{Q)cj) = R{Qcj)). 

Proof. By Lemma [231 there is G Morjr(Ns{U), S) such that Ucj) is fully normalized. As 
U charjr Q,U <T = Ns{Q). Hence, (J)\Ns{Q) ^ Morjr{Ns{Q), S). Now the result follows from 
Lemma [TrT8l D 



1 1.2 The proof of Lemma [11.4 



Throughout Subsection 1 11. 21 assume Hypothesis 1 11.31 
^Recall Notation [231 
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Lemma 11.20. Let Q E Q, let U E C{Q) be fully normalized, and let Rq < R{Q) such that 
[Rq,A°{Q)] ^land 

Ns{U) n NsiRo) n Ns{{A,{Q, ViU)))) < Ns{Q). 

Then NsiU) n NsiRo) < NsiQ). 

Proof. Set W := V{U), T := Ns{Q), Tq := Nt{Ro), R := R{Q) and A,{Y) := A^Y, W) for 
Y <T. Assume the assertion is wrong. Then Tq < Ns{U) fl Ns{Ro)- In particular, T < Ns{U) 
and so J{Q) ^ U since NsiJiQ)) = T. Hence, A^{Q) y^ 0. Moreover, Tq < NsiU) n NsiRo) n 
NsiTo), i.e. there is t e NsiU) n NsiRo) fl NsiTo) such that t ^ T. Then, by assumption, 
there is A e A^^iQ) such that A* ^ ^*(Q). Note that A* < Tq < T. Remark [IMtc) implies 
AiQ) C AiT). Hence, as CsiW) = U <Q,we get 

A(Q) C A(T). 

Therefore, A* G A^iT) and A* ^ Q. Now Lemma [TOT] yields i? = [W,A^] = [W,A\\ 
Hence, R''' = [W, A] = [W,AU]. So, by LemmafTOIIl R''' n ViQ) = [W,AU] f] ViQ) is 
OP(^^A°(Q)(^))-invariant. As U char^ Q, this implies /?*"' nl/(Q) < Cv(Q)iA°iQ)) or V(Q) = 
(i?*"' n 1/(Q))Cy(Q)(A°(g)). By Remark[lala), we have JiT) < A'Q < To, so J(r) = J(To) 
and J(r)* = J(r). Remark [nill implies [R,JiT)] = 1. Therefore, we get [i?*"\ J(T)] = 1. 
As [V(g), JiT)] ^ CviQ)iA°iQ)), it follows now R''' f] ViQ) < Cv(Q)iA°iQ)). Hence, 

Ro = rV < R'" n ViQ) < C(A°(Q)), 

a contradiction. This proves the assertion. D 

Lemma 11.21. Let Q e Q and I ^ U char^ Q. Then NsiRo) n NsiU) < NsiQ) for (^very 
Ro < RiQ) with [Ro,A°iQ)] ^ 1. In particular, NsiRiQ)) n NsiU) = NsiQ). 

Proof. Assume the assertion is wrong. Choose Q,U G J-' such that Q E Q, 1 ^ U charjr Q, and 
there exists Ro < RiQ) with [Ro, A°iQ)] ^ 1 and NsiRo) n NsiU) ^ NsiQ). We may choose 
this pair (Q, U) such that \U\ is maximal. By CoroUarv [11.191 there is G MorjriNsiU), S) 
such that Q(f) G Q, Ucp charjr Qcf) and Ucj) is fully normalized. Moreover, then Rocp < RiQ)(f) = 
RiQct)), [i?o0,A°(Q0)] ^ 1 andiV5(i?o0) > iVjv,(c7)(i?o)0 ^ iVslQ)^ = NsiQcj^). So, replac- 
ing (Q, U) by ((50, t^0), we may assume without loss of generality that U is fully normalized. 
Observe that then U G C*iQ) and thus, by Lemma [TTTT21 U G CiQ). 

SetQ* = {A^iQ,ViU))) and note that ?7Q=i, charjr Q, as Q* is A^yi(Q)(^)-invariantand f/ charjr Q. 
Since NsiJiQ)) = NsiQ) and NsiQ) < NsiU) by assumption, we have Q* ^ U. Hence, the 
maximality of \U\ yields NsiRo) n NsiUQ^) < NsiQ) and thus NsiRo) n A^5(f/) n A^5(Q*) < 
NsiQ). Now LemmallTlQlyields iV5(f/) fl A^5(i?o) < NsiQ), contradicting the choice of U. D 

Lemma 11.22. LetQeQ,l^Ue CiQ), A G A.iNsiQ), ViU)) and be NsiU)\NsiQ) such 
that A^QandA^ < NsiQ). Then A^ < Q. 

Proof. Assume A^ ^ Q. Then Lemma [11.171 implies 

RiQ) = [ViU), A'] = [ViU), A]' = RiQ)". 
This is a contradiction to Lemma [l 1.211 D 
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Lemma 11.23. Let Q e Q and U e C*{Q). Then we have A^{Ns{Q), V{U)) = A(<5, V{U)) 
orJiNsiU))<Ns{Q). 

Proof. Set T = Ns{Q), Tq = Ns{U), R := R(Q), W = V{U), and A.(Y) = A.(Y,W) for 
every Y < Tq. We will use frequently and without reference that, by Lemma [11.121 U E C{Q) 
and, in particular, by Remark nT9l V{Q) < W. Assume J(To) ^ T and A(T) ^ A^Q). We 
show first: 

(1) (A(To))^T. 

By assumption, there is B^ E A(To) with B^ ^ T. We may choose B* such that \B^:U\ is minimal. 
Let B E A^BM). Then B E A(To). Let t E Tq and observe that fi* E A (To). Assume (1) 
does not hold. Then B and B^ are contained in T. 

Suppose B^ ^ Q. Since BlU/U is elementary abelian, B*f/ is normalized by S*. Hence, for 
every a; E Bl, {B^f < T and {B^f ^ Q. Hence, by Lemma [Hill 5* < T. In particular, 
A{T) C ^(To) and, by Remark [MSa), 5* < J{T) < B^Q. Since 5 < BM, this gives 
5*f/ = B\BiUnQ) = B'U{BinQ) andBM = Bu{B,nQ'''). By Remark [IMtc), we have 
C, = (Bl n Q)ViQ) E AiT) C A{To). Therefore, Cf' = (B, n Q''')V{Qy E ^(Tq). Note 
that, by Remark [TTgl V{Qy~' < f/*"' = U. In particular, BM = BU{B^ n Q*"') = BUCl'\ 
As i?[/ < T and fi* ^ T, we get C*"' ^ T. On the other hand, C*~^ < ^*f^' so the minimality 
of \B^U\ gives C* U = B^U . Then B^ < Q* , i.e. B^ < Bl < Q contradicting our assumption. 
Hence, B^ < Q. Since t E Tq was arbitrary we have shown that X := (-B^") < Q. Therefore, it 
follows from Lemma [1 1 . 1 01 that B < X < U, a contradiction to the choice of B. Thus, (1) holds. 
We show next: 

(2) There is T < Ti < iVTo((A(T))) such that (A(Ti)) ^ T. 

For the proof let T < F < Tq be maximal with respect to inclusion such that {A>^{Y)) < T. Then, 

by (1), Y ^Tq and hence Y < Ti := NToiY)- So the maximality of Y implies {A^{Ti)) ^ T. 
Since (All")) = (A(T)), we have Ti < ArT„((A(T))). This shows (2). 

So we can choose now Ti with the properties as in (2). We fix fi* E A*{Ti) such that B^ ^ T. It 
follows from [KS, 9.2.1] and [iKSi 9.2.3] that there is C g A{B^CtAW)) such that [W, C] ^ 1 

and [W, C,C] = l. Hence, 5, e ^,(Ti) implies 

(3) B^ acts quadratically on W . 
We show next: 

(4) \BjNBXR)\ = \BjB,r}T\ = 2 = p. 

By Lemma nnn A^ij.(i?) = B^nT. Let 6 G 5*\T and assume there is c G B^\{{B^ n T) U 
b{B^ n T)). Note that b, c and c6^^ are not elements of T. By assumption, A*{T) ^ A(Q), i-C- 
there is A G A(T) with A ^ Q. Then by the choice of B^ < Ti and LemmafJOU 

A^ <Q, A" <Q and A'''''' < Q. 

This gives 

A < g n g^ n g^"'^ 
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Hence, A" centralizes Wq := V{Q)V{QYV{QY~'^. Note that Wo<W and 

W, := V{Q)[V{Q),b][V{Q),b-'c] < Wo. 

By (3), Wi is invariant under b and b~^c, so Wq = Wi and Wq = Wq = Wq'^"". Hence, Wq = 
{Wl^ Y = Wl;''"" = Wq. As shown above, [Wo,A^] = 1. So we get [W^,A^] = 1 and thus 
[Wo, A] = 1. In particular, [V{Q), A] = l,a contradiction to A ^ Q. Hence, (4) holds. We show 
now 

(5) W = RCw{B,). 

It follows from (4) and Remark [1 1 . 1 61 that 

\B,/CB,iR)\ = \B*/B, n T| ■ 1(5, n t)/CbXR)\ < 2 • |(5, n t)/(5, n j(t))|. 

Since Q is Thompson-restricted, we have for A{Q) = A{Q)/CA{Q)iV{Q)) that A°{Q) = SL2{q), 
J{T)q g Sylp{A°{Q)) and T/Q = T^ embeds into Aut{A°{Q)). Hence, T/J{T)Q = Aut{GF{q)) 
is cyclic, and g = 2 implies T = J{T). Therefore, |(S, n T)/{B^ n J{T))\ < 2 and 

(*) \b,ICbXR)\<(i- 

The module structure of V{Q) implies \R/Cr{A°{Q))\ = q. By Lemma [Hill R n B^ < 
Cr{B,) < Cji{A°{Q)) and hence 

\R/RnB,\ > \R/CRiB,)\ > \R/CRiA°{Q))\=q. 

Thus, by (*), \RCb,{R)\ = \R/RnB^\ ■ \Cb,{R)\ > \B^\- Observe that i^C^, (i?) is elementary 
abelian, so RCb^R) e A{Ti). Since {RCb,Ir))U = Cb,{R)U is a proper subset of B^U, it 
follows from the minimality of B^U that CbXR) < U and CbSR) = CbX^)- Therefore, by 
Lemma [531 and (*), 

\W/Cw{B,)\ < \BJCbM)\ = \BJCbM)\ < q- 
As seen above, \R/Cb{B^,)\ > q. This implies \RCwiB^)\ > \W\ and thus (5). 

Now choose t e A°{Q)\Na^(q){Tq)Ca^^q){V{Q)) and b G B,\Cb,{W). Set Y = RR'R\ Note 
that Y <W, since RR' < V{Q) < W. Using (5), we get [W,b] = [RCw{B,),b] = [R,b] < 
RR^ < Y. Hence, 

Y'' = Y. 

As before let A G A^(T) with A ^ Q. Then, by the choice of B^ < Ti and Lemma [11.221 we 
have # < Q. Hence, [RR\A^] < [V{Q),A^] = 1. By Remarkfini [R,A] = [R, J{T)] = 1, 
so [i?^#] = 1 and [Y, A^] = 1. As we have shown above, Y = Y^. So we get [Y,A]^ = 
[F^ A''] = [F, A''] = 1 and hence, [Y, A] = 1. In particular, [R\ A] = 1 which is a contradiction 
to the module structure of V{Q). This completes the proof of Lemma fT 1.231 D 

Lemma 11.24. LetQ e Qandl^U charjr Q. Then J{Ns{U)) < Ns{Q). 
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Proof. Assume the assertion is wrong. Then there isQ E Q and U charjr Q such that J(Ns{U)) ^ 
Ns{Q). We can choose the pair (Q, U) such that \U\ has maximal order. By Corollary 111.191 
we can furthermore choose it such that U is fully normalized. Set T = Ns{Q) and Tq : = 
Ns{U). Note that U e C*{Q). Thus, by Lemmsi\TTM A(T, V(?7)) = A4Q,V{U)). Set 
X := (A(Q, V{U))). Observe that T = NsiJiQ)) < To, so J{Q) ^ U and X ^ U as U = 
CsiV{U)). Also note Ui := XU char^ Q. Therefore, by the choice of U, J{NsiUi)) < T < Tq. 
In particular, J{T) = J{NsiUi)) = J{NT,iUi)) and 

A4Q,V{U)) = A4T,V{U)) = A4Nt,{Ui),V{U)). 

Hence, A^ro(^To(f^i)) normalizes XU = Ui. It follows that Tq < NsiJJi), which contradicts 

J{Ns{U^))<T and J{To)tT. U 

The proof of LemmaUlJl Let Q G Q and 1 7^ f/ char^ Q. Set T := Ns{Q) and Tq := Ns{U). 
By Lemma[lLM ^(Tq) = JjT) and so fi(To) = CTo(fi(^( J(T)))). By Remark [in6]i?(g) < 
n{Z{J{T))). Hence, by LemmafUlIl B{To) < NroiRiQ)) = T. This shows fi(To) = fi(r) 
and completes the proof. 

11.3 The proofs of Theorem H and Theorem |3] 

From now on assume Hypothesis 111.21 Observe that this implies Hypothesis 111.31 In particular, 
we can use Lemma [11. 41 and the other results from the previous subsections. 

Lemma 11.25. Let Q E Q, let U E J^ be J^ -characteristic in Q and A{S) -invariant. Then U = 1. 

Proof. Assume U ^ I. Since U is A(5')-invariant, Njr(U) is full parabolic. Hence, Na°{q){U) < 
N^{U) < U. Observe also that Cao[q){V{Q)) < Nr{n{Z{S))) < N and hence, as U char^ Q, 
A°{Q) < M. This is a contradiction to Remark[Tr6l □ 

The proof of Theorem^ Choose a pair (Q, U) such that Q E Q,l ^ U charjr Q and \Ns{U)\ is 
maximal. Moreover, choose U so that \U\ > \Uo\ for all 1 7^ f/o charjr Q with Uq < Ns{U). Note 
that U is fully normalized by Corollary II 1.191 So the maximal choice of \U\ yields U E C*{Q). 
Hence, by Lemma [TLTII Q E C{Q). Set 

G := G{Q), T := NsiQ) and M* := Cg{V{Q))J{G). 

Observe that it is sufficient to show the following properties. 

(a) Ns{Q)=Ns{U). 

(b) M*/Q = SL2{q) and one of the following hold: 

(I) Q is elementary abelian, \Q\ < q^ and Q/Gq{M*) is a natural S'L2(g) -module for 

M*/Q. 

(II) p = 3,T = S,\Q\=q\ $(g) = GQiM*), and Q/V{Q) and V{Q)mQ) are natural 
SL2(g) -modules for M*/Q. 
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For the proof of (a) and (b) set 

Ti := B{T), To := Ns{U) and Q, := Q n T,. 
The maximal choice of Tq = Ns{U) together with Lemma fl 1 ■25l yields the following property. 

(1) Let 1 ^ C < Ti such that C char^ Q. Then C is not A (Tq) -invariant and, if ^ ^ Tq, C is 
not normal in Ns{Tq). 

By Lemma [10.71 we can now choose H < Nm*{U) such that Ti G Sylp{H), H is normalized 
by T, M* = CGiV{Q))H and {H/0p{H))/^{H/0p{H)) ^ L2(g). Observe that Qi = Op{H). 
Note that, by Lemma W 1 .41 Ti = B{To) and so every characteristic subgroup of Ti is A{To)- 
invariant. Therefore, (1) implies that H fulfills Hypothesis 16.11 with V{Q) in place of W. Thus, 
by Theorem 16. 21 one of the following holds for V := [Qi, Op{H)]. 

(F) V < n{Z{Qi)) and V/Cv{H) is a natural 5L2(g)-module for H/Ch{V{Q)). 

(IF) Z{V) < Z{Qi), p = 3, $(!/) = Cv{H) has order q, V/Z{V) and Z{V)/^{V) are natural 
5L2(g) -modules for H/CniViQ)). 

Furthermore, the following hold for every G Aut{Ti) with 1^0 ^ Qi- 

(i) g^ = VCq^ (L) for some subgroup L of H with 0^(17) < L and H = LQi. 

(ii) <l>(CQ,(Oni/)))0= $(C7Q,(0n//))). 

(iii) If (IF) holds then V < V{Q){{V{Q)(j))^) < Qi. 

(iv) If (IF) holds then Ti does not act quadratically on V/(^{V). 

(V) V t Q0. 

(vi) If (IF) holds then Qi^^ = Q^. 

If Uo < Qi for f/o = (1/^(^")) or for Uo = (1/^s(^o)), then [Uo,Op{H)] < V < Uq and 
f/o charjr Q. Together with (1) this gives the following property. 

(2) There is G A{To) such that Vcp ^ Qi-lf S ^ Tq then we may choose (p such that (p G Stq- 

Let now G v4(To) such that V0 ^ Qi. Recall that, by Lemma [TTll Ti = B{To) and hence 
Ti0 = Ti. Set 

D:=$(Cq,(0^(/J))). 

Note that, as Qi and if are T-invariant, D is normal in T and so J^-characteristic in Q. By 
Lemma [nZH] and (ii), Q0 G Q and D = D0 c/iarj- Q0. Assume D ^ I. By Corollary [11191 
there is V^ G Morjr(Ns{D), S) such that Dip is fully normalized, Qip,Q(pip G Q, and Dip is 
^'-characteristic in Qip and Q^V^. Hence, by Corollary [1091 D* := Op{Njr{Dip)) < Qip n Qcpip. 
As F is minimal, Njr(D) is solvable and thus constrained. Hence, 

V{QiP)V{Q<PiP) < C^siD^^iD*) <D*< (QiP) n {Q<PiP). 
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In particular, K(g)0 < Q. If (F) holds then V < V{Q)CviX) = V{Q)Z{Ti) and so 1^0 < Q, 
contradicting the choice of </>. Therefore (IF) holds. Observe that Hq'ip* < Njr(Dip) as Hq < 
N^iD)E Hence, Hq^* normalizes D*, and Vq := V{Qi)){V{Q(l)^/j)"Q^') < D* < Q(j)ip. This 
implies V{Q){V{Q(t))^) = Voip-^ < Q(p. Then by (iii), 1/ < Q^ n Ti = Qicp, a contradiction to 
(v). This proves D = 1 and so we have shown that 

(3) Cq^{0'p{H)) is elementary abelian. 

We show next that (a) holds. For the proof assume T < Ns{U). Then there is x G {Ns{U) fl 
NsiT))\T. Since JiQi) = J{Q) and NsiJiQ)) = T, we have Qf ^ Qi. By (3) and (i), 
Qi = VCq,{H) = VZ{Ti) and so V^ ^ Qi. On the other hand, U E C{Q) and so, by 
CorollarvfToJgl Op{N^{U)) = U*{Q) = U. As U = U^ < Q n Q^ and N^{U) is constrained, 
we get V{Q)V{QY < Cns{u){U) DTi < U DTi < Qi. If (F) holds then V < V{Q)Z{H) < 
V{Q)Z{Ti) and so V < Qi, a contradiction. Hence (IF) holds. Then, by (iii), we have V < 
ViQ){V{Q'')") <U. SoV <UnTi< Q'-", a contradiction to (v). This proves (a). The choice 
of (Q, U) together with Corollary 111.191 and Lemma [11. 251 gives now the following property. 

(4) For every I ^ Uq charjr Q, we have T = Ns{Uo) and Uq is fully normalized. In particular, 
f/o is not y4(T)-invariant. 

We show next: 

(5) Let a e A{T) such that Qia ^ Qi. If (F) holds then <^{Q)a = <^{Q). 

For the proof of (5) assume that (F) holds and a is as in (5). Then Qi = V{Q)Z{Ti), so we 
have V{Q)a ^ Qi- By I5.6r b). V{Qa) is not an over-offender on V{Q) and vice versa, so 
\ViQ)/Cv(Q)iV{Qa))\ = \ViQa)/Cv(Qa)iViQ))\. Hence, ViQa) is an offender on V(Q) and 
vice versa. So, again by Lemmall^b), J{T)Q = V{Qa)Q and J{T){Qa) = V{Q){Qa). In par- 
ticular, [J{T),Qa] < Q and, by Remark [Joild), Qa < J{T)Q. Hence, J{T)Q = J{T){Qa) = 
V{Qa)Q = V{Q){Qa). In particular, Qa = V{Qa){Q n Qa) and Q = V{Q){Q n Qa). This 
yields ^{Qa) = ^{Q n Qa) = ^{Q) and proves (5). 

From now on let a G A{T) such that Qia ^ Q\. Note that a exists by (4). We show now: 

(6) If (F) holds then Q is elementary abelian. 

Let /3 G A{T) such that Qi/? = Qi. Then Q^fia ^^ Qi. If (F) holds then (5) yields $(Q)a = 
$(Q) = $(Q)/3a and hence ^{Q) = $(Q)/3. Thus, by (5), $(Q) is A(T)-invariant. Now (4) 
implies $(Q) = 1, so (6) holds. We show now: 

(7) CQiH)n{CQ{H)a) = l. 

For the proof of (7) assume Ui := Cq{H) n (Cq (//)«) ^ 1. By Lemma flTTSl we have Qa G Q. 
Note that Ui charjr Q and Ui charjr Qa. In particular, by (4), Ui is fully normalized. Moreover, 
Corollary [IMl implies f/* := Op{N^{Ui)) <QnQa. By Corollary [2JI1 N^{U) is constrained. 
Hence, 

ViQ)ViQa) < C^smiU^ <U*<Qn Qa. 
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If (F) holds then, by (6), Q = V{Q) and so Q = Qa, contradicting the choice of a. By (i) and 
(3), Qi = VZ{Ti), so Va ^ Qi. Hence, if (IF) holds then, by (iii), V < V{Q){V{Qa)^) < 
U* < Qa, contradicting (v). This shows (7). 

It remains to show that (F) implies (I) and (IF) implies (II). Assume first (F) holds. By (6), Q is 
elementary abelian. Hence, Q = V{Q), Cg(V^((5)) = Q, M*/Q = SL2{q) and Q/Cq{M*) is a 
natural 5L2(g)-module for M*/Q. By (7), Cq{M*) n {CQ{M*)a) = 1. This implies 

\Cq{M*)\ = \{CQ{M*)a)CQ{M*)/CQ{M*)\ < \Z{J{T))/Cq{M*)\ < q. 

Hence, \Q\ < q^ and (I) holds. 

Assume from now on that (IF) holds. Note that, for W := Z{Qi), W/Cw{H) is a natural SL2{q)- 
modnXc fox H/Qi. Hence, \Z{Ti)/Cq,{H)\ = \Cw{Ti)/CwiH)\ < q. Now (7) yields 

\Cq,{H)\ = \{CQ,{H)a)CQAH)/CQ,{H)\ < \Z{T,)/Cq,{H)\ < q 

and so Cq,{H) = Cv{H). Now by (i) and (3), Qi = VCq,{H) = V. In particular, by 
(iii), Qi = V = V{Q){{V{Q)(I))^). So Qi = V is generated by elements of order p and 
[<9i,<3i] = *(Qi) = Cq,{H). As Qi/Z{Qi) is an irreducible module for H, [QuQ] < Z{Qi) 
and so [Qi-,Q.,Qi\ = 1 = [Q-,Qi-,Qi\- Now the Three-Subgroups Lemma implies [Cq^{H),Q] = 
[gi,Qi,Q] = 1. Observe that Z(gi) = V{Q)Cq,{H) and so [Z{T{),Q] < [Z{Q{),Q] = 1. The 
definition of Ti gives now [n(Z {J (T))) , Q] = 1 and Q = Qi = V. In particular, by (vi), every 
automorphism of T of odd order normalizes Q. Hence, Q is normal in Ns{T) and soT = S. If 
[Q, C'g(^(Q))] 7^ 1 for Q = Q/Cq{H), then Q is the direct sum of two natural 5^2 (g) -modules 
for H/CH{y{Q)) and so [Q,Ti,Ti] = 1, a contradiction to (iv). Thus, ^,CG{y{Q))] = 1 and, 
if X G Cg(V'(Q)) has order prime top, then [Q,x] = [Q,x,x] < [Cq{H),x] < [V{Q),x] = 1. 
Hence, Cg(V(Q)) = Q. This shows M*/Q = SLiiq) and (II) holds. Thus, the proof of Theo- 
rem |2] is complete. 

The proof of Theorem 12 Theorem [3] follows from Theorem [H Theorem |2l Corollary 12.111 and 
Theorem 18.21 
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